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Introduction

Optimization techniques find application in every facet of modern human life. From
design to manufacturing and operation. It find application in a set of diverse fields
ranging from agriculture, medicine, industry, transportation, stock markets , eco-
nomics and now more recently to different applications of electrical engineering
including signal processing.

Although optimization has been around since long time however Dantzig in 1947 pro-
posed the first algorithm which automized the optimization problem. This algorithm
popularly known as the “Simplex Algorithm”. The specific field of optimization in
known as Linear Programming.

The theory of optimization has evolved exponentially over the past century (for ob-
vious economic implications) and has matured to become a technology.

As the literature on this theory points out the real problem in optimization is actu-
ally to decided whether a problem is optimizeable and how to formulate it mathe-

matically so that it can be optimized easily.
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Chapter

Introduction

Outline

The objective of this chapter is to familiarize the students with the funda-
mental concepts of mechanics which will form basis of pivotal concepts of

Robotics. The topics included here are

@ Introduction O The 4 Spaces
@ Vectors and Vector Spaces () Rank and its implications.
© Independence, Basis ® Matrix Decomposition

N\ J

1.1 Vectors Spaces and Subspaces

Definition: The space R™ consists of all column vectors v with n compo-

nents.

The components of v are real numbers, which is the reason for the letter . A vector
whose n components are complex numbers lines in space C.

The vector space R? is represented by the usual zy plane. Each vector v in R? has
two components. The word space ’asks’ us to think all possible vectors available in
the plane. Each vector has x and y coordinates of a point in the plane. Similarly

the vectors in R*® correspond to points (z,y,2) in three dimensional space. The



one-dimensional space R is a line (like x-axis). General vectors can be represented

4
1+
in a variety of notations. [0| € R® (1,0,1,1,0)is € R® ) Z eC?
—1
1

1.2 Vector SubSpaces

Vector R" is a set of all vectors such that

X1
wherer; e R", 1 <i<n

Tn
V' is a linear subspace (subset) of R" if following conditions are met include

e The subspace should include the all zero vector O.
e If visin a vector space then for any scalar ¢ € R cv is also in the vector space.

e If v and w are two vectors in a vector space than their sum i.e. v+ w is also

in a vector space.

Some Examples
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) € RS}

N
N
I

Ty € R3|zy > 0}.

€ R3|z, — 4xy + 513 = 2}.

S
I

c Ry > xQ}.
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I

R
Il
—N —N— — — —N—
< < 8
o

€ R33x = Qy}.

1.3 Matrices

Matrix simply speaking is an arrangement (array) of real and/or complex numbers.
Matrix is a set of column vectors in R™ if we have n-columns then the dimension of
matrix is m X n.

Matrix can be used to describe and solve a plenty of problems, a set of linear equation

1171 + a19%2 + -+ - + a1,T, = by
2121 -+ 299 + -+ aA9n Ty — bg

Am1T1 + A2l + - -+ + Gpp Ty = bm

could be translated into a matrix form

aixy a2 - Qip X by
21 Q22 -+ Q2p X2 by
Am1 Qm2 - Qmp Tp bm



transformation of vectors can be performed through matrix operation

o O =
S = O
- o O
_ o O
S = O
o O =

cosf —sinf
sinf cos@

use of matrix as a convolution operation

(hjo] 0 0 0 ]

y[0) W1 B0] 0 o || W
Gl I PR o ||
y[n —1] nol 0 x[n — 1]

I h(2] h[1] A[0]

1.4 Vector Span

Span of a vector subspace v is a set of all linear combinations x = cjv; + cov9 +

-+ =+ ¢cpv,, Formally speaking

span(vy, v, -+, v,) = {clvl +evo+ -+ epvpl € Rfor 1 < < n}

1.5 Linear Independence

We have vq,--- ,v, € R", alinear combination ¢;vy 4+ covy + - - -+ ¢, v, with ¢; € R,
for a set of vectors A = [al a, --- an}, column space is just the span of vectors
aj,as, -+ ,a,. If a set of vectors is linearly independent then it forms a basis for

column space of A.

Likewise A = {al ag - an} a set of vectors is called linearly dependent if and
only if the vector equation ¢;vy + covy + - - - 4+ ¢,v,, = 0 has a solution with at least
C;, = 0.

Basis

A basis for a vector space is a sequence of vectors which are linearly independent and

spans the space. The representation of any vector as combination of basis vectors is



unique.
10
The columns of I = 0 1] produce the ’standard basis’ for R?.

The basis is not unique!

Row Reduced Echelon Form

It is well known fact that operations on the rows of a matrix do not affect the matrix.

Through systematic manipulation of the rows of a matrix A.

R=rref(A) of a matrix is unique. = R’ # rref(AT).

How to obtain the original matrix A from R? There exists a set of linear operations
such that EA = R, therefore A = E7'R.. The firstr columns of E™! are pivot rows
of A.

1 0 2 1 0 2
21 4,=101 0
11 2 000

What can we say about the dependence of column space?

1.6 Space of a Matrix

These are some the very important properties of the matrix which provide a very
deep insight into the

Column Space of a matrix A i.e. C(A) contains all linear combinations of columns
of A. This combination includes Ax. For a linear system Ax = b to have a solution

x, b must be in column space of A.



20+ 3y =6
4o — 6y = 12
which is
2 3| |x| |6
L 0L

Does b lie in the column space of A?

20+ 3y =6
4o — 6y = 12
which is

Ll-L

Does b lie in the column space of A?




If a matrix has dimensions m x n then each column has m components thus

belongs to R™. Thus the column space C(A) is a R™ dimensional subspace.
10 1 2 0 1
01 2 4 10

Null Space of a matrix A i.e. N(A) consists of all the solutions of Ax = 0. For a

m X n matrix A the N(A) is in R" dimensional subspace.

1 2 2 4
3 8 6 16

] = rref(A) = FD 0 2 O]

0 @ 0 2

This simplification implies that x; and x5 are pivot variables while x3 and x4

are free variables. Now solving

X1 0
@ 0 2 0] |z |0
0o @O 0 2 x 0
Y 0
which yields into following equalities
T, = —2x Tog = —2y
T
lettingz =1landy=0,2=|—2 0 1 0| orequivalently x=0andy=1,

r=1[0 -2 0 1]T.

just do a quick check to see if indeed Ax = 0.

Row Space of a matrix is a subspace in R" spanned by rows. The row space of A

is C(AT). — It is column space of AT



Left Null Space We solve A’y = 0. The vector y goes on to the left side of
A when the equation is written as y? A = 07. Matrices A and AT are different;

therefore their column spaces and null spaces are also different.

The Four Spaces
For a Full rank matrix A with dimensions m x n.
1. The column space is C(A), a subspace of R™.
2. The Null space is N(A), a subspace of R".
3. The row space is C(A”), a subspace of R™.

4. The Left Null space is C(A”), a subspace of R™.

consider the following matrices
1 4

1 2 3
A =12 7| and AT = L - 5] with m = 3 and n = 2. What is the column

3 5
and row space of A. The row space is all of R?.

~

The row space C(A”) and column space C(A) have same dimensions as the
rank 7. The Null space N(A) and the left null space N(A”) have dimensions

n —r and m — r to make up full n and m.

J

Example:

D
For some Matrix A it RREF isR = | 0
0

o O W
S NN

5 0
0@
0 0

Row space has dimension 2 (i.e. Rank), the first and fourth rows are the basis
of Row space. Column space has dimension 2 as all columns can be obtained
through linear combination of column 1 and 4. Null space has dimension n — r
i.e. 5 —2 =3, there are 3 free variables. Left Null space has dimension m — r
ie.3—-2=1




C(4)
Column Space
all of Ax

Row Space
all of ATy

The Big Picture

N(A)
Null Space
Ax=0

N(AT)
Left Null Space
all of ATy

dimm-r

Figure 1.1: An illustration of relation between spaces span by columns and rows.

1.7 Rank of Matrix

For a set of m linear equations with n unknowns, the set of possible solutions de-

pends on the rank of the matrix.

r=m and r =n Square and Invertible Ax = b has one solution
r=m and r<n Short and wide Ax = b has oo solutions
r<m and r=n Tall and thin Ax = b has one or zero solution
r<m and r<n Not Full rank Ax = b has zero or co solution

The rref(A)=R will fall in the same category as the pivot columns happens first.

3]

Case 1 and 2 have full rank » = m, case 1 and 3 have full rank r = n. Case 4 is the

I F

Four Types R = m [I F] 0 0

most general in theory and least common in practice.



1.8 Graphical Visualization of Ax=Db

Ax =D

Either rank[A]=rank[A|b] (consistent)

A xn) can be square, tall (over determined) or fat (under-determined).

rank[A]# rank[A|b] (inconsistent)

Either A is Full rank (i.e. rank[A]=min(m,n))

rank deficient (i.e. rank[A]< min(m,n))

Looks like there are 12 possibilities but only 10 can exist.

A- Full Rank A- Not Full Rank
A- Square (consistent) One Sol. Infinite Sol.
A- Square (inconsistent) Can’t Happen  Infinite LS Sol.
A- Tall (consistent) One Sol. Infinite Sol.
A- Tall (inconsistent) One LS Sol. Infinite LS Sol.

A- Fat (consistent)
A- Fat (inconsistent)

Infinite Sol
Can’t Happen

Infinite Sol.
Infinite LS Sol.

10




Square Matrix

Ax = b consistent
Rank(A|b)=Rank(A)

rank(A)=r=m=n (full rank)

il |

rank(A)=r< m=n (Not full rank)

/ |
/ L1
/ 3 A
9 |

Infite
solutions

|
|

|

|

) |

|

| \ |

3l B

Iy

Ax # b inconsistent
Rank(A|b)#Rank(A)

rank(A)=r< m=n (full rank)

11




Tall Matrix

Ax = b consistent
Rank(A|b)=Rank(A)

m>nio| |-

rank(A)=r=n< m (full rank)

Rank(A
(Not Full Rank)

e

=r< n<m

1)

Ax # b inconsistent
Rank(A|b)#Rank(A)

m>nio| |-

rank(A)=r=n< m (full rank)

) 12

// n U/

Rank(A)=r< n< m
(Not Full Rank)

-

1

12




Fat Matrix

Ax = b consistent
Rank(A|b)=Rank(A)

m<n O |-

rank(A)=r=n< m (full rank)
Rank(A) =r <n<m
(Not Full Rank)

Infinite
solutions

\ |
3 N
i

I

I

I

I

i

I

I

I

I

I

Rank(A)=r <n<m

z3

Ax # b inconsistent
Rank(A|b)#Rank(A)

m<n |0 |-

rank(A) =r <n < m (Not full ra
Rank(A)=r<n<m
(Not Full Rank)

3

Infinite
solutions

1.9 Eigen-Values and Eigen-Vectors

Thus far we have been concerned with Ax = b, now we concern ourselves with

Ax = \x.
L9 L9
Ax = )\x
X
T1 . T
\Ax

13

nk)



In this particular case all the set of vectors x which when multiplied with a matrix

A yield A\x. where )\ is an eigen-value. The eigenvalues of can be computed as
det(A — M) =0 (1.1)

(1.1) is known as the ’characteristic polynomial’ of the matrix A. If this polynomial
has a non-zero solution, A — AI is non-invertible. The determinant of A — AI must
be equal to zero. This is how we recognize an eigen-value .

The characteristic polynomial det(A — AI) involves only A and not x. When A is
n X n, the polynomial has degree n. For each Eigen-value A solve (A — AXI)x = 0 or
equivalently Ax = Ax to find an eigen-vector x. The eigen-vectors essentially make

up the null space of A — AL

1 2
Example: Consider A = [2 4] is an already singular (zero-determinant). Find
it’s A\'s and x’s.

1—A 2
Subtract A from the diagonal to find A — A\l = [

ie. V2 —=5-X)=0
2 4-—)

which leads to two solutions i.e. A =0, 5.

1 2 0 2
(A —0Dx = Y| = yields into eigen-vector Y| = for \y = 0.
2 4| |z 0 z -1

-4 2 0 1
(A —5D)x = Y| = yields into eigen-vector Y| = for Ay = 5.
2 —1| |z 0 z 2

Eigen-values fill up the null-space Ax = 0. If A is invertible, 0 is not an eigen-

value, A is shifted by multiple of I to make it singular.

Compute the determinant of A — AI, with A subtracted along the diagonal, the

determinant starts with with A" or —\". It is polynomial in degree n.

Find the roots of this polynomial by solving det(A — AI) = 0. The n—roots are
the n— eigen-values of A. They make A — AI singular.
For each eigen-value A, solve (A — AI)x = 0 to find eigen-vector x.

k
n

The eigen-values of A* for any positive integer k are A¥, - /A
A matrix A is invertible if every eigen-value is non-zero.

If matrix A is invertible then its eigen-values are VAR
1 n

14



For an n xn matrix without a set of n independent eigen-vectors it is not possible
to have basis.

other important properties to note:

)\1+)\2+-~~+)\n:trace:a11+a22+~-+am

1=1

Some more facts

1. Shuffling the rows of a matrix would change the Eigen-values.

2. The product of n—eigenvalues equals the determinant.

3. The sum of n—eigenvalues equals the sum of n diagonal entreies.
4. The sum of the main diagonal is called the trace of a matrix.

5. The eigen-values of A? and A~" are A\? and A~ with same eigen-vectors.

1.10 Diagonalization of a Matrix

The combination of eigen-values and eigen-vectors can be expressed in a matrix
notation as AX = XA, where X is the set of eigen-vectors and A is diagonal matrix

with eigen-values A on the diagonal.

AX =A X1 o Xp = >\1X1 cee )\an )\1X1 s )\nxn
A1
An
If an n x n matrix A has n—linearly independent eigen-vectors x;,Xs, -+, Xy, put

them on the columns of an eigen-vector matrix X. Then X 'AX is an eigen-value

matrix A.

15



AX =XA is X 'AX or A=XAX"!

The important application of this feature:

AP = (XAXH(XAX ) - (XAX T
= (XAFX)

Suppose if the eigen-vector matrix A is fixed and we can change the eigen vector
matrix X we get a whole family of XAX ™! all with same eigen-values A. All those
matrices with same A are called Similar.

A matrix is said to be a Symmetric Matrix if it has n real valued eigen-values \;
and n—orthonormal eigen-vectors qi,q2, - ,qn.

Every real symmetric matrix S can be diagonalized as S = QAQ ™! = QAQ”.
Every matrix is said to be positive semi-definite matrix if for any non-zero vector x
the product x? Ax > 0.

e if all the columns of a matrix are independent the matrix is positive semi-
definite.

e for a semi-definite matrix all eigen-values are positive.

1.11 Singular Value Decomposition

Singular Value Decomposition is one of the most significant milestones in linear
algebra. A is a m X n matrix square or rectangular. Its rank is r. It is possible to
diagonalize A but not as SAS™'. The eigen-vectors in S are not always orthogonal,
there are not always enough eigen-vectors. Ax = Ax requires A to be a square
matrix. The singular vector of A solve all those problems in a perfect way.

The price of this is that we have to calculate a set of two singular vectors u’s and
v’s. The u’s are eigen-vectors of AAT and the v’s are the eigen-vectors of ATA.
Since both those matrices are symmetric, there eigen-vectors can be chosen to be

orthonormal.

Fundamental Concept

16



111 1 1 1] 1]
1 11111 1
1 11111 1

A= is same as [1 1 111 1}
1 1 1111 1
1 11111 1
_1 1 111 1_ _1_
-a a ¢ ¢ e e_ -1_
a a ¢ ¢ e e 1
a a ¢ c e e 1

A= is same as [a a ¢ c e e}
a a ¢ c e e 1
a a ¢ ¢ e e 1
a a c c e e _1_

A is diagonalized Av; =o01u; Avy=o09uy -+ Av, =o,u,

The eigen-vectors vy, vo - - - v, are in the row space of A. The vectors uy, us - - - u,
are in the column space of A. The singular 0,09, -, 0, are all positive numbers.
When v’s and u’s go into the columns of U and V, we have VIV =T and UTU =1
The ¢’s can go into the diagonal matrix ..

So just as Ax; = \;x; led to the diagonalization of AS = SA, the equations Av; =

o;1; can be expressed in the matrix notation as AV = UX.

01
Vl PR VT' pr ul .« .. uT’

nxr mxr rXT

In short-hand notation

A=UxVT = ulalvlT + -+ urO'TVZ

which is equal to splitting the matrix A into r matrices of rank 1.

The v’s and u’s account for the row space and the column space of A, we need n—1r
more v's and m — r u’s from N(A) and N(AT). They can be orthonormal bases

for those two null spaces and automatically orthogonal to the first » v’s and u’s.

17




mxn mxm mxn nxn

X
maad

X

LA
VR /7N
= : -

Rotate X Strech X Rotate

Ann :UmeEanVzXn

Dy Ornr VIT(an)
Uiimxr) Unfm(mer
{ Lmxr) ¥2(mx( ))] On-rixr Opmer)x(nr) [VQT(n—r)m

V(A

dimm-r

Combine all those u’s and v’s in V and U now those matrices become square. We

still have the AV = UX.

18



A% U o1
Vl ... VT V7"+1 .. VTL pr— ul ... u'/‘ u?"+1 .. um
A o,
mxn
nxn mxm

mXxXn

where ¥ is a m X n matrix with m — r new zero rows and n — r new zero columns.
The dimensions of U and V and ¥ have changed and VIV =1, and UTU =1,,.
V is now an orthogonal square matrix with inverse V! = V1. So AV = UX.
When UXV? (singular values) are the same as SAS™ (eigen-values)?

We need orthogonal eigen-vectors in S = U we need non-negative eigen-values

A = 3. So A must be a positive semi-definite (or definite) symmetric matrix
QAST.

Applications of SVD

Image Compression Reduction of Dimension Feature Extraction

How to Calculate SVD

ATA = (UzvHT(Uzvh)  AAT = U=V (UuzVvhHT

=vxuluxv?’ =Uxvivzu”’
=V2v7T = Ux?u”
ATAV =VX? AATU =Ux?

19



Application of SVD

1 Singular Value 5 Singular Values 10 Singular Values

25 Singular Values 50 Singular Values Orginal Image

20



Chapter 2

Least Square Solution

Outline

covered in this chapter are

N\

The objective of this chapter is to study a fundamental set of un-constrained
optimization techniques. We also study some of the well-known adaptive

algorithms used to solve such problems online. The fundamental concepts

@ Least Square Solution © LMS Algorithm
@ Weighted Least Squares O RLS Algorithm
© Constrained Least Squares @& Lagrange Multipliers

This is an all too familiar problem

Predicted
y=mt+c Value
[ )
Stock Ee(t N)
Value i
....................... e actual
° Value
o
° [ ]
I I I I I "
ti—q ti—3 ti_o t; tN

21




the statisticians know this as a linear regression problem for engineers this is curve
fitting i.e. to find a function that ‘best’ fits to the data i.e. find the values of m and

N
¢ to minimize J = ) _e*(t;). This problem can be reformulated in terms of linear

i=1
algebra as
t 1 ()
tz 1 m y2
o e] |
tn 1 YN

and in general form as polynomial

y(t) = ap + art + ast® + - + apt™
e(ti) = y(t:) — yi

e(ty) Loty -+ '] |ao (1
e(t)| |1t oo ) | Y2
e(ty) 1ty - ] |am YN

22



Traditional Least Squares

Ax=b+te

ag1  A22

a11 Qa2 by €1
x

a31 a3z b3 €3

l l
T T
i—o ticn t; b

Choose the x1g that satisfies (A)x = b + e but requires the smallest ||e||3 =

m
N
=1

23




Data Least Squares

Ax+E=b
ail iz €11 €12 by
1
o1 Qoo | + €91 €99 by
L2
az; Az €31 €3 by
y(t)
*——
—e
. o
| 1 | . | I
I T J | |
ti_g ti—q t; t

Choose the xppg that satisfies (A + E)x = b but requires the smallest ||E[% =
Z Z e?j'

i=1j=1

24




Total Least Squares

Ax+E=b+e

@11 a2 €11 €12 by €1
T
az1 Q| + |€21 €22 = |ba| + |e2
T2
a31 as2 €31 €32 b3 €3
y(t)

N
T |J T | T T T
/%(/151—4 ti—3 ti—g ti—1 t; t

Choose the x75 that satisfies (A + E)x = b but requires the smallest ||E|/% +

lef]3-

2.1 Least Square Problem

In practice it often happens that solution to a set of linear equations is not possible.
The usual reason for this problem is too many equations. There are more equations
than unknowns, unless readings are perfect, b is outside the column space of A.

This is typically due to noisy measurements. i.e.

Ax=b+e
Lets consider an example

Yy =2x—2

y =05z +1

y=—x+10

25



The plot clearly illustrates that there is no unique solution to this problem

y=2xr—2+e
y=052r+1+e
y=—x—10+e3

Add ey, ey and ez such that there exist an (z,y) that satisfies all three equations.

3
There are infinitely many possibilities but optimal solution is such that Zef is

i=1
minimized.
/| /
N / N
N AY /
S\
ey

—~
~

—
(@)

26



The cost function looks like

3
J=>el=(y—20+2)>+(y— 05z —1)>+ (y +z — 10)?
=1

OF ) 15y +5.250 = 13.5
ox

J
dy

Solving we get the LEAST-SQUARE solutions as (x,y)rs = (4, 5).

J(x) = |le]* = (b — Ax)"(b — Ax) = x"ATAx —x"A"b - b"Ax + b’b

= ag(x) —2ATAx - A"Tb— ATb+0=0
X

N ag(x) —9ATAx —2ATb+0=0
X

= ATAx=A"b

-1
=X = (ATA> ATb

b,

Ax

Ax=b = bH + b,
We further note that

blL <a1-bl>
ATb, = a, - a, D = : =0

bn1 <a,-b >

27



Thus

ATAx=AT(by+b,)=A"b
ATAx=A"b

Properties of Quadratic Performance Surface

J(x) =|b— Ax|* = x"ATAx — 2b"Ax + b’b

Now consider the eigen-values {\;}7_; : (AAT)VZ' =\Nv; withi=1,2--- n.

i ) i
X) X
)\max = 2 < Iax
_______ YN — =1l J(min A N
____________ )\min 5 >\min
X918 XL8
X113 X XIs X

2.2 Weighted and Constrained Least Squares

It is quite possible that some readings will be in error (called outliers).

y=mt+c
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Weighting each error term
wy
n
J:eT . e:Zwie2(t1)
K i=1
Wn

Choice of weights could depend on the application, a typical choice could be o} =

E{e*(t;)}. Assuming errors are zero mean with variance o7 = E{e*(t;)} so intu-

itively J = zn:wiez(ti) =3 (;)CQ(ti).

=1 =1 7

_i -
€1 of 1
e - n 1
Ax=b—-e= .2 =J=e o3 ezZ(—Z)eQ(tl)
: i—1 i
€n 1
I o2 ]

this implies

-1
XwLs = arg min||b — Ax||3, = <ATWA> ATWb

2.3 Constrained Least Squares Problem

The cases often spring up in practice when solution to a set of equations must
satisfy certain constraints for example the profit or revenue can not be negative,

cut-off frequency of a filter should be less than a specified value. The constraints

can be classified into two types generally:
e Linear Constraints.

e Quadratic Constraints.

Xeon = arg min||b — Ax||? subject to c'x =gq
X

Xeon = arg min||b — Ax||? subject to x'Cx =g
X
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Linear Constraints

J(Xcon)
Jmin:J<XLS) |

The cost function
J(x) = [[b — Ax||* = [|A(x — xi5)||” + b"Pyb
Doing a derivative in the presence of constraints

J(x) =x"ATAx — 2x" AT Axps + x[ AT Axps + b"Pyb + A(c'x — ¢)

gJ =2ATAx — 2xTATAx; s+ A\c=0
X
x = x5~ 0.5(ATA) he
oJ T
N cx—qg=20
_ s 2
cT (ATA)_lc
_ T —_
Xcon = XLS — (ATA) 1C [W]
cT (ATA) c

where xg = (ATA)_lATb and Pt =1— A(ATA)_lAT.
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Example

Consider a linear system

-1 1 1
1
A= 1|-05 1|,b = [1|,c= L} ,q = —2. The system Ax = b with ’fuzzy
1 1 2
-1 1 1
. , T —-05 1 Ty 1
constraints’ ¢ = =
1 1| (22 2
1 1 —2

N

-1
Xy1s = arg min||b — Ax|? = (ATWA> AT™Wb

where W =

-1
Xy = arg min||b — Ax||? = (ATWA> ATWDb, W =
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w=0 Xyrs=[0.5358 1.4231]" L2

w=1 xyps=[-0.5358 0.5686]" x1,5=[0.5385, 1.423
1.2222 0.0307]7
1.4502 — 0.1394)"
w=>5 Xyrs = [—1.5914 — 0.2054]"
w=10 xwrs=[-1.6572 —0.3021)"
w =100 Xprs=[—1.6798 —0.3198]"
w = 1000 Xpyrs = [-1.6800 — 0.3200]"

w =2 XWLS =

[
w=3 XWLS:[
[

Quadratic Constraints

Wi

\': /
i Xeon
Io,
X (x=y o
Ji(x) =x" (ATA>X - )\(XTCX - q)
Constraint
IEACI 2(ATA)x —2)Cx =0
ox
= (ATA)xi =\Cx; i=1,2--,n
So by choosing x; and corresponding A; we are trying to minimize
J(x;) = x] (ATA)XZ- = \ix! Cx; = \iq (since xI'Cx = q> (2.1)

AiCx;
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Xeon = Xmin corresponding to Ay = min{\;}; = J(Xcon) = ¢Amin
(A

Deterministic Least Squares
n
For Ax = b — e choose % to minimize J(x) = [|e||* = >_ |ex|”
k=1

Stochastic Least Mean Squares

For y = Ax choose X to minimize

plox- -2

Quadratic Objective Functions

Deterministic Least Squares

er = dr, — Y
Yp = ng = WTx,

lex]? = di + wixpx{w — 2dpx} W
Stochastic Least Mean Squares

Lok L1k L]

—
cH
|
—_
—
o
s
h
5

J(w) = E{|ek|2} = E{di} + WTE{XZXk}W — 2E{dkxg}
Raoa Pax
= E{di} +w'R,,w—2P] w
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Where

2
Lot TokT1k o TorTLEk
2
T1kTok Tg o D1kTLk
T
R,. = E{xyx; } = E{
2
TrkTok TLET1k s Trk
drxok

dpx
de = E{dkxk} = E{ k. e }

drx g

1 Y 1 Y
where E{x;px;,} = N E Tz, and E{dyx,} = N E A .-
k=1 k=1

J(w) = E{d}} + w'Ry,w — 2P} w

The optimal coefficients can be obtained through derivation of the cost function

_ﬂ_
8w0
oJ oJ
oJ

ﬁwL_

—1
Wopt = Rxx Pd:p
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Applications of Weiner Filter

Uknown

System

z[n]

hln| ——
i y[n]

y1[n]

d[n]

ult

en]

System Identification

sfn| +wn]

————1 hn]

w'[n] x[n]

dn

=0

yln] ~ e

Noise Cancellation

hi[n|

dlf_l] .

b

Channel Equalization

The problems with Least Mean Square (Wiener Solution)

o The estimates of R,, and Py,.

e The statistical properties may change from time to time.

e Recalculation is computationally complex.

The most straight forward solution to this problem is the Least Mean Square Algo-

rithm.

2.4 Least Mean Square Algorithm

z(n)

P+1 filter
Coefficients /

(D}

/
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P
e forn=0,1,2,--- evaluate {h”(l)}l—o' Compute

y(n) = Z:hn(l)x(n —0), n=0,1,2,---

e Choose {hn(l)}fzo to minimize J(n) = E{e2(n)}.

We defined

The stochastic least mean square solution of this problem would be

J(n) = BE{e*(n)} = E{ (d(n) - th)T(d(n) - th)}

= o® = 20" (n) E{d(n)z(n) } + h" (n) E{x(n)x"(n) }h(n)
p(n) Rz (n)

= 04— 2h"(n)p(n) + h' (n) Ry (n)h(n)

setting the derivative of this equation to ‘zero’ yields.

dJ(n)
oh
= hop(n) = Ry, (n)p(n)

T

=2R,.(n)h(n) —2p(n) =0 Wiener-Hopf Eqns

Computation of exact correlation matrix is hard to calculate and in some cases it

may not be possible therefore

hopi(n) = R;xl (n)p(n)
The steepest descent avoids matrix inverses

. N oJ(n
hom(" + 1) = h0pt(n) — K ail )

= ﬁopt(n) - 2:“ Rxm(n)flopt(n) - p(n)
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This expression still requires estimates of R,,(n) and still computationally complex

N N aJ(n N - ~ .
hopt(n + 1) - hopt(”) — K 8i’l ) = hopt(n> - 2,“ Rxm(”)hopt(n) - p(n)

The solution to this problem is LMS-stochastic gradient approach

Iterative Minimization / Gradient Descent

e(k) =b — Ax(k)
x(k+1) = x(k) + 2uA"e(k)

next k

TG0 = IIb — Ax]|? x(k+1) = x(k) — p Y
0x x=x(k)
— where
78
2 0.7(x)
= X:ﬂAﬂﬂe&AﬁwﬂA%Ax—w
|| aX he,_/
=
= For k=1 to N

_9J(n) de(n)  9J(n)
= on =X T m
But e(n) = d(n) —x"h 8€(§n> = —x(n) and so
. . dJ(n)
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LMS algorithm

Given x[n] = {x(n) z(n—1) --- x(P)}T

T
hn] = [(0) ha(1) - ha(P)]
The LMS algorithm comprises of

e[n] = din] = y[n]

h[n + 1] = hin| + 2ue[n|x[n]

Although LMS is very simple to implement and fairly reliable however the conver-

gence of algorithm primarily depends on step size coefficients p.

For large values of p algorithm converges rapidly whoever oscillates around optimal

point never gets there. For small values of p algorithm is slow to converge. The

choice of inital guess also is important.
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d(n) d(n)

l—|—
h(n he(n
d(n) ) ) - e(n)

Implementation Complexity of LMS algorithm increases linearly with the number
of coefficients to be calculated. Which makes it an ideal choice for low complexity
solutions.

Some variants of LMS algorithm are

h(n + 1) = h(n) + 2ue(n)x(n) Linear
h(n + 1) = h(n) + 2ue(n)sgn [X(n)] Clipped

h(n 4+ 1) = h(n) + 2usgn [e(n)] x(n) Pilot

h(n + 1) = h(n) + 2usgn [e(n)] sgn [X(n)] Zero Forcing

Increase hardware efficiency at the expense of performance

2.5 Recursive Least Squares

Now we consider the time-varying scenario

The least square solution to this problem would be

xus(n) = (AT(n)A(n))IA%)b(n)
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h(1)
JrLs(n)
JrLs(n+2)

JRLS

JrLs(n+1)

R(0)

Repeated inversion of matrix is not feasible solution. Since xps(n) may be related
to xps(n—1) depending on how A (n) and b(n) are related to A(n—1) and b(n—1).
The principle of RLS algorithm to update the filter coefficients is outline as follows
For each n =0,1,2,--- ,00

P

> hp[lz[k — 1] with k =0,1,2,--- ,n.

=0

ii. Calculate e,[k] = d[k] — y,[k] with £k =0,1,2,--- ,n.

i. Calculate y,[k]

P n
iii. Choose: {hn(l)} to minimize Jprs = Y A" FeZ(k)  with forgetting factor
1=0 k=0
0< A<

Kicking up the cost function bit further

WLS(n) — i /\n_kei(k’) = i /\n_k <d(k) - yn(k))2

Ohy(r) = = ~
&]Ls(n) — - n—k e 86”(k) — - n—~k e —a(k — 7)) =
Ohn(r) kzz:o/\ 2 ”(k)ahn(r) kz::O)‘ 2en(k)(—x(k—7)) =0
== i A F[dk) - > ha(Dya(k - D]a(k—r) =0
-y h(D)] > N Fa(k — Da(k - r)|- SOATRd(R)a(k — 1) =0 r =01, P
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n
Z/\" kFe(k)a(k — 1) Z)\"_km2(k—1) Z,\" Fe(k — P)a(k — 1)
k=0

)3

Lk=0

The above expression can be expressed in matrix form as

Z/\" k22 (k) ix”*%(k—nm(k) ZA" ke(k — P)x
k=0

A"k (k)a(k — P) Z)\” kg a(k—P) - ZA”*W(k—P)

In short hand notation this adds up to

Ra)c\x(n)hn = r;\d(n)

—1
hn:(Rm)) D) om0,

Z/\" kd(k
hn (0)
B (1) ZA" kd(k)ae(k — 1)
| |,
Z A" =kd(k)z(k — P)
Lk=0
, 00

-1
so it is possible to calculate h,, from h,,_; without having to calculate (Rgx (n)) .

h, = (sz<n>)_lrid<n>

Define x(k) = {a:(k), x(k—1), -, x(k— P)}T then

n

Rz, (n) = > A" x(k)x" (k)

k=0

= znj A"RA(k)x (k)

= R}, (n)
ry(n) = r)y(n — 1) + d(k)x(k)

AR, (n — 1) 4+ x(k)x" (k)

-1 -1
So how do we evaluate (Rg}x(n)> from (Rg}x(n — 1)) ?

Woodbury’s identity

-1
A luuTA!

A T A -
( +tuu ) 14+ uTA1u
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using this identity to our problem we have

(Rmn))_l 3 (R 1))_1

- [ ) (R 1) _1x<n>] S (R0 1) () (R ) )

scalar
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RLS Summary
Initialize:
P(—1) =6 'Ipi1xps1 where P(n) =R, (n)

Trx

Computation: For n =0,1,2,---

n—1), - ,x(n—p)r

() = fa().of
h,, [hn(O),hn(l),-
e(n) = d(n) —h?_ x(n)

g(n)=P(n— 1)x(n){)\ +x"P(n — 1)x(n)}_

P(n) = A"'"P(n—1)—g(n)x" (n)A\"'P(n — 1)
h, =h, | +¢(n)(n)

2.6 Langrange Multipliers Method

This technique was developed by Joseph-Louis Lagrange a French mathematician to

solve min-max problems in geometry.

z
l Free maximum

Contrained

/ maximum

For any general multi-variate function f(x) we know that the maxima and the min-

ima of a general differentiable function occurs where the derivative of the function
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in all directions is zero.
Vfix)=0 (2.2)

where V is the gradient operator. V f(z) is the direction in which rate of increase
is maximum. There may be a problem that V f(x) is zero and we may still not
be at global maximum or minimum this happens due to a possible local minima or

maxima.

The method of Lagrange multiplier can restrict the search of solution in the

feasible set of values of x. The problem is typically formulated as
x" = arg minf(x)
subject to  g;(x) =0 Vi=1,---,m

In English, find solution that minimizes f(x), as long as all equalities g;(x) = 0
hold.
The Lagrange Multiplier method works by putting the cost as well as the con-

straints in a single minimization problem, but multiply each constraint by A;.

x* =arg min L(x,\) = arg minf(x) + Z Aigi(x)
x i=1

X

The optimal value can be found through
VL(x,\) = Vf(x)+> N\Vg(x) =0
and

0
ai)VL(XJ\) = gi(x) =0

For the case if we have n variables and m constraints we have n + m equations

and same number of unknowns.

The constraints are not merely limited to equalities on the contrary they can be
inequalities. The Karush-Kuhn-Tucker (KKT) conditions extend the method of
Lagrange multipliers to allow inequalities and KKT conditions are necessary for

optimality.
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x* = arg minf(x)
subject to  ¢;(x) =0 Vi=1,---,m
subject to  h;(x) <0 Vi=1,---,n

In english, find the solution that minimizes f(x) as long as all equalities g;(x) and
all the inequalities h;(x) < 0 hold.

x" =arg min L(x,\,p) = arg minf(x) + Y_Ngi(x) + > pihi(x)
X x i=1 i=1

where L(x, A, ) is the Lagrangian and depends on A, p which are the vectors of
multipliers.

One need to be mindful of the fact that in some cases minimums and maximums
won'’t exist even through the method will seem to imply they do. Every solution
should be examined.

Suppose that f(x,y, z) and g(z,y, z) are differentiable. To find the local maximum
and minimum value of f(-) subject to constraint g(z,y,z) = 0. Find the values of

(x,y,z) and X that simultaneously satisfy the equations
Vf=AVyg and g(x,y,2) =0 (2.3)

In case of multiple constraints for example g;(z,y, z) and go(z,y, z) when ¢;(-) and
g2(+) are both differentiable with Vg; not parallel to Vg then

Vf=MVg + Vg and 9i(r,y,2) =0 92(7,y,2) =0 (2.4)

Now (2.4) can be interpreted as follows the surface ¢y = 0 and g, = 0 usually
intersect a smooth curve C' and along this curve we seek points where f() has local
maximum and minimum values relative to other values on the curve. These are the

points where V f is normal to C' and Vg, and Vg, are also normal to C' at these
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points because C' lies in the surfaces ¢;(z,y,2) = 0 and go(z,y,2) = 0 which is a
requirement in (2.4)
Example

Find the dimension of the box with largest volume is total surface area is 64cm?.
We want to find the greatest volume so the function that we want to optimize is

given by

[y, 2) = wyz

Next we know that the surface area of the box must be a constant 64. So this is the
constraint. The surface area of a box is simply the sum of the area of each of the

sides so the constraint is given by,
22y 4+ 2x2 4 2yz = 64 = xy+xz+yz =32

The equation for g(z,y, z) is thus
g(x,y,2) =xy+ 2+ yz

Here are the four equations that we need to solve

yz = Ay +2) fo=Agz  (a)
rz =Nz + 2) fy = Agy (b)
ry = Az +y) fo=2xg. (o)
xy + vz +yz = 32 g(x,y,z) =32 (1)

There are many ways to solve this system. Multiplying (a),(b) and (c) by z,y and

z respectively we have

ryz = Xx(y+2) (d)
zyz = Ay(z +2)  (e)
vy =z +y) (D)

setting (d) and (e) equal gives

Ae(y + 2) = Ay(ﬂff +2)
Mzy + x2) — Moy +yz) =
)=

Mzz —yz
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We have two possibilities. The first A = 0 is not possible since if this was true (a)

would reduce to
yz =0 = y=0 or z=10

Since we are talking about dimension neither of these is possible so we can safely

discount A = 0. This leaves the second possibility
rz =Yz (%)

since we know that z # 0 (as we are talking about the dimensions of a box) we can

cancel the z from both sides to have

Likewise lets set (e) and (f) equal

Ay(z+ 2

) = )\z(x +v)
May +yz) — Moz +yz) =
) =

Mzy — xz
= A=0 or TY = 2x
We know that A = 0 is not possible so this leaves
Ty = 21 = Y=z (**)
Plugging (*) and (**) in () we have
2 2 2 2 32
y Yty =3yt =32 =[5 = £3.266

Since y must be a positive number therefore the only solution that makes physical
sense is
r=1y=z=3.2606

so the box actually is a cube.

Example

Minimize the l>-norm of the variable subjects to constraints

x"=arg min  L(x,A) = arg min|x|* + A" (y — Ax)
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the number of Lagrange multipliers is equal to the number of elements in y and the

gradiant with respect to x is
2x —ATA =0

As x depends on A. From gradient of the constraint function with respect to A we

get
y = Ax

Pre-multiply the first equation by A to get

2Ax = AAT)
2y — AAT)
A=2(AAT) 1y

x=AT(AAT) 1y

Example

The plane x +y + z = 1 cuts the cylinder 22 +4* = 1 in an ellipse . Find the points
on the ellipse that lie closest to and farthest from origin.
Solution: we find the extreme value of f(z,y,z) = 2> + y* + 2 the square of the

distance from (x,y, z) to origin subject to constraints

gz, y.2) =24y —1=0 (2.5)
gp(r,y,z)=c+y+2z—1=0 (2.6)

according to (2.4) the gradient of f(-) and g(+)

201 + 2yj + 22k = M (2xi + 2yg) + Xo(6 + § + k)
201 4 2yJ + 22k = (M2x 4+ Ao)i + 20y + \2)j + Aok

which implies simply that

2r = 2)\11‘ + )\2
2y = 2)\1y + )\2
2z = )\2
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20 =2\ +22z = (1—X\)z
20 =2z +2z = (1-X\)y=

These equations are satisfied simultaneously if either A =1 and z =0 or A # 1 and
r=y=z/(1-MN).

If z = 0, then solving (2.5) and (2.6) simultaneously to find the corresponding points
in the ellipse gives two points (1,0,0) and (0, 1,0) which makes sense as in figure.
If x =y then (2.5) and (2.6) give

24+22-1=0 = z4zx+2—-1=0
202 =1 = z2=1-—2x

1
r=4+— = z=1 \/5
N T

The corresponding points on the ellipse are

Plz(?,f,1—\/§> and P2:< f \/_1+\/_>

But here while P, and P, both give local maxima of f on the ellipse, P, is farther

from the origin than P;.

Example

Find the maximum and minimum of f(z,y) = 5z —3y subject to constraint 2°+1* =
136.

49



Using the definition

Of(x,y) _ 99(z,y)

5b=2\x (1)

of(z,y) _ dg(r,y)
AL ’ —3=2 2
o oy 3=2\xy (2
glz,y) = c a? +y* =136 (3)

setting A = 0 won'’t satisfy the first two equations. So assuming that A # 0 we can
solve (1) and (2) to find

Plugging these into constraint equation

%5 9 17
o9 10 g
o2 T e T 2w

1 1
which implies A*> = — — X\ = £-. Now that we have A we can find a few points
which will be potential maxima and minima
) 1
1f)\zzweget r=-10 y=6

1
if)\:—z weget =10 y=-—6
Maxima and Minima can be determined by plugging in the values

f(=10,6) = —68 Minimum (—10,6)
f(—10,6) =68 Maximum (10, —6)

Thus far we have considered cases with constraints with equality now will consider

cases which include inqualities

Example

Find the maximum and minimum values of f(z,y,z) = zyz subject to constraints
r+y+z=1. Assume that z,y,z > 0.

Our constraint is a sum of three positive or zero numbers and it must be 1. Therefore
the solution will fall in the range 0 < z,y,2z < 1. So according to extreme value

theorem the maximum and minimum value must exist.
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0f(x,y,2) _ 99(x,y,2)

5 B yz = A (1)
8f(a(;,yy, 2) _ ag(agyy, )
of (x,y, z dg(z,y, z

f(ayy ) _ g(ayy ) W= (3)
g(x,y,z) =c r+y+z=1 (3)

we notice that (1),(2) and (3) are equal to A, by equating (1) and (2) we fine
yz=xz = zy—z)=0 = 2=0 or y=ux

two possibilities i.e. either z = 0 or y = z. Starting with z = 0. In this case we
can see from (1) and (2) that we must have A = 0. From (3) we see that this means
xy = 0. Which in turn means either x = 0 or y = 0. Thus the possible options look
like

z =0, =0 = y=1

z =0, Y= = x=1

So we have two possible solutions (0, 1,0) and (1,0,0).
Now lets consider the other possibility £ = y. We have two possible cases to look at

in this case.

The first case x = y = 0 in this case we can see from the constraint that we must

have z = 1 and so we now have the third solution (0,0,1).

The second case z = y # 0. setting (2) and (3) equal
rz=zy = z(z—y)=0 = z=0 or z=y

Since we have already assumed that x # 0 and so the only possibility is that z =y
which also means that z =y = 2.

Using this constraint gives

1
x T=g
e I 11 . . .
Which implies (3, 33/ These four solutions have been obtained by setting (1)

and (2). To find all solutions (1) must be set equal to (3) and similarly (2) must be
set equal to (3).

yz=xy = ylz—x)=0 = y=0 or 2=z
zz=xy = z(z—y)=0 = x=0 or 2=y
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Not complete here! Lets check which solutions are maximum and minimum here

f(1,0,0) =0 f(0,1,0) =0 f(0,0,1) =0 All minimum
111
f(§7 3 g) Maximum

Now lets consider a problem dealing with multiple constraints

Example

Find the maximum and minimum values of f(x,y, z) = 4y—2z subject to constraints
20—y —z=2and 2* +y* = L.

From the second constraint it is visible that —1 < z,y < 1. With this in mind there
must also be set of limits on z in order to make sure that the first term constraints
is met.

The definition of Lagrange multiplier for multiple constraints
V60 =AY (%) = 0

(9f(l',y,2) agl(a:,y,z) agg(x,y, Z)

=0 =2 =2
ox ox ox .
8f(:1:,y,z) — 4 8g1(l’,y,2) — 892(':672172) -9
=4 =l =y
dy dy y
af(a;,y,z) — _9 agl(x,y,z) — 892(:c,y,z) =0
0z 0z oy
The system of equations to be solved
0= 2)\1 + 2>\237 fx = )\lglx + )\292:1: (1)
4=—X+2\y fy = Mgz + Xogor  (2)
—2=-\ o= Mg + Aago: (3)
e —y—2=2 (4)
2 +y =1 (5)

We start by noticing that from (5) we get Ay = 2 plugging this (1) and (2) and

solving for x and y respectively gives

2

2

2

4==2+42\y = Y= —
A2

Plugging these result in (5)
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4 9 12
— i o= = X =+V13
ZTR TR ’

& Putting the value of \y = +v/13 in above to determine values of x and y

2 2
r = ———— —_
vis TV
Plugging these results in (4) yields
V13 V13 V13
& Now we assume Ay = —v/13 then
2 3
T = — = ——
vis 'V
Plugging these results in (4) yields
1 + ; 2 = 2+ ‘
V13 V13 V13

Now that we have the two solutions applying them to the function to find which is

the minimum and maximum.

2 2
f( 5 2 7>:4+6:11.211 Maximum

V13’ V13 T VI3 V13

; 2 3, T ,_ 2 2911 Mini
—_— = - — —_ — = —9. Imnimuim
V13© V13 V13 V13

Example Find the maximum and minimum of f(z,y) = 42 + 10y on a disk
v? + 1y <4
Sol:Using the definition:

<fxafy>.fz> =A <gxagy>gz> = <)\gxa>\gya)\gz>

of _

dg
8x —= =2)\x

5y %
— =20y —= =2)\y

%,f 9 oy
_ o9 _ o 2

from the above three equations we have
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8 —2 =0 r=0 or A=4

z(4—X) =0
z=0 y==+2
A=4

20y — 2 \y =0 200 =8y —y=0
r =42

therefore the possible set of solutions is
(072)7 (07 _2)7 (270) and (_2’0)

Example Find the minimum value of function f(x,y, z) = 2 4 2y* + 2% subject to

constraints

r+2y+3z2=1
r—=2y+z2=95

The Lagrangian function is of the form

Lz, y,z, \p) =2* + 207 + 22 + Mo +2y + 32 — 1) + pu(x — 2y + 2 — 5)

oL 1
— =2 A = =—(A
5y = et AT u 0 T 2( + 1)
oL 1
— =4 20 —2u =0 =——(2\ =2
gy y + It y=— t)
L 1
— =2 A = = ——(3\
o 2+3N+pu=0 z 2(3 + 1)
oL
a:x—l—Qy—l—?)z—l:O —6A—pu=1
oL
—=x—-2y+z—-5 —A—=2pu=5
o
which leads to solution set
3 29
A= HET
13 16 10
xr = — y:—— z = —
11 11 11

Example: A company produces steel boxs at three plants in amount x, y and z
respectively, producing an annual revenue of f(x,y, z) = 8xyz*—200(x+y+z). The
company is to produce 100 units annual. How should the production be distributed

to maximize revenue.
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Solution: The Lagrangian function is of the form:

L(z,y, 2, \) = 8zyz> — 200(x + y + 2) + A(z + y + z — 100)

VL(x,y,z A) is determined as

® & © 6

oL
et 8yz> =200+ X =0 from () and @ 8yz? = 8xz?
x
OL
50 = 8722 — 200+ A =0 from @ and @ 812 = 16y
Y
L
a— = 162yz —200+ A =0
7
N =x+4+y+2—100=0 The optimal sol. is x =25,y =25 and z = 50

Supplementary Problems

1. Find minimum of the function f(x,y) = 2%+ y* — 2z +8y subject to constraint

rT+2y="7.

Find maximum of the function f(z,y) = 92% 4+ 36xy — 4y* — 18z — 8y subject
to constraint 3x + 4y = 32.

Suppose the temperature at point (x,y) on a metal plate is T(x,y) = 42* —
4y +y?. An ant walking on the plate traverses a circle of 5 centered around

origin. What is the highest and lowest temperature encountered by the ant.

Golf ball manufacturer, Pro-T, has developed a profit model that depends on
the number x of golf balls sold per month (measured in thousands), and the

number of hours per month of advertising y, according to the function
z = f(x,y) = 48z + 96y — 2° — 2zy — 9y?

where z is measured in thousands of dollars. The budgetary constraint function
relating the cost of the production of thousands golf balls and advertising units
is given by 20z + 4y = 216. Find the values of x and y that maximize profit,

and find the maximum profit.
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Chapter

Linear Programming

Outline

The objecive of this chapter is to familiarize the students with the funda-
mental concepts of mechanics which will form basis of pivotal concepts of

Robotics. The topics included here are

@ Problem Formulation O The Interior Point Method
@ Linear Programming Problem @ Duality in Linear Programming.
© The Simplex Algorithm ® Matlab implementation

N\ J

Optimization is an old problem, but the credit of developing a formal algorithm

goes to George Dantzig, who published his algorithm commonly known as ’Simplex
Method’ and the field is known as linear programming.The linear programming is a
small subset of problems within the class of general nonlinear optimization problems.

These problems are discussed in later chapters

Linear Programming

It is the process of minimizing a linear objective function subject to finite number
of linear equality and inequality constraints. The word programming is historical
and predates computer programming.

Examples applications:

& Airline crew scheduling
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& Manufacturing and production planning

& Telecommunication Network design

3.1 Several Examples

Activity Analysis and Product Mix

A Tumber mills saws both Finish-grade and Construct-grade boards from the logs

that it receives. Suppose that it takes 2 hours to rough-saw 1000 boardfeet of finish-

grade boards and 5 hours to plane each 1000 broad-foot of the construction-grade

boards. Suppose also that it takes 2 hours to rough-saw each 1000 board feet of

construction-grade boards but it takes only 3 hours to plane each 1000 board feet of

these boards. The saw is available for 8 hours/day and the plane is available for 15 hours/da
If the profit on each 1000 board feet of finish-grade boards is 120 $ and the profit

on each 100 board feet of the construction-grade boards is 100 $, how many board

feet of each type of the lumber should be sawed to maximize the profit.
Mathematical Model: let z and y denote the amount of finish grade and con-
struction grade lumber respectively to be sawed per day. Let units of x and y be

thousand board feet. The number of hours required daily for the saw is
2 + 2y
since saw is available only for 8 hours a day thus x and y must satisfy the quantity
20+ 2y <8
Similarly the number of hours required for the plane is
o + 3y

So z and y must satisfy
or + 3y < 15

ofcourse, we must have

x>0 andy >0
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The profit is $ to be maximized is given by
z = 120z + 100y

Thus our model is

Find the value of x and y that will
maximize z = 120z + 100y

Subject to restrictions 20 + 2y <8
5r + 3y < 15

x>0

y>0

Graphical Visualization and Matlab Demo

3.1.1 Feasible Set

Each linear ineqaulity divides the n-dimensional space into two half-spaces one where
the inequality is satisfied, and one where it is not. Feasible set is solutions to a fam-
ily of linear inequalities.

The linear cost function defines a family of parallel hyperplanes (line in 2D, plane
in 3D and so on) want to find one of minimum cost — must occur at corner of the

feasible set.
The feasible set of standard LP:

e Intersection of a set of half-spaces, called a poly-hydron.

e [ts bounded and non-empty its a polytope.
There are three cases:

e Feasible set is empty.
e Cost function is unbounded on feasible set.

e Cost function is maximum on feasible set.

For the two cases are very uncommon for real problems in economics and engineering.
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Diet Problem

A nutritionist is planning a menu consisting of two main foods A and B. Each
once of A contains 2 units of Fat, 1 unit of Carbohydrates and 4 units of proteins.
Each ounce of B contains 3 units of Fat, 3 units of Carbohydrates and 3 units of

Proteins. The nutritionist wants a meal to provide atleast 18 units of Fat, atleast

12 units of Carbohydrates and atleast 24 units of Proteins. If an ounce of A costs 20

and an ounce of B costs 25 ; how many ounces of each food should be served to

minimize cost of the meal yet satisfy the requirements.

Mathematical Model

let x and y denote the number of ounces of food A and B that are served. Then x

and y have to satisfy the inequality such that
20 + 3y > 18

similarly to meet the nutritionist requirements for carbohydrates and proteins, we

must have x and y satisfy

x4+ 3y > 12
dr 4+ 3y > 24

of course, we also require
x>0 andy >0

The cost to be minimized is given by
z = 20x + 25y

Thus our model is :

Find the values of  and y that will

minimize z = 20x + 25y
Subject to restrictions 2z + 3y > 18
r+3y > 12
dr 4+ 3y > 24
x>0
y=>0
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Transportation Problem

A manufacturer of plastic has two plants in Multan and Sukkur respectively. There
are three distributing warehouses in Karachi, Lahore and Faisalabad. The Sukkur
plant can provide 120 tons of supply per week, whereas Multan unit can supply 140
tons of material per week.

The karachi warehouse needs 100 tons to meet demand, the Lahore warehouse needs
60 tons while Faisalabad needs 80 tons weekly. The following table gives the shipping

costs per ton of the product

To
From Karachi Lahore Faisalabad
Sukkur 5 7 9
Multan 6 7 10

How many tons of plastic should be shipped from each plant to each warehouse to
minimize total shipping cost while meeting demand?

Mathematical Model let P; and P, denote plants at Sukkur and Multan, respec-
tively. Let Wy, W5 and W3 denote the warehouses in Karachi, Lahore and Faisalabad
respectively. Let

x;; = number of tons shipped from P; to W

¢;j = cost of shipping 1 ton from F; to W;
fori=1,2 and j = 1,2,3. The total amount of plastic to sent from P is
11 + T12 + T13

Since P; can supply only 120 tons, we must have

T11 + T12 + 213 < 120
Similarly, since P, can supply only 140 tons, we must have

To1 + T + xo3 < 140
The amount of plastic received at W7 is

11 + 21
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The demand at W is 100 tons, we must have
T11 + To1 Z 100
similarly, the demand at W5 and W3 are 60 and 80 tons respectively,

T12 + T29 2 60

T13 + T3 > 80
Of course
z;; >0 fort=1,2 and j=1,2,3
The total transportation cost which we want to minimize is:
minimize z := ¢11211 + C12%12 + C13%13 + C21T21 + C22%22 + C237'33

Thus our mathematical model is:

Find the values of x11,713,213,221,222,723 that will

minimize zZ = Z Z CijTij

i=1j=1

3
Subject to restrictions Z Tij < 8 1=1,2

j=1
3
wy>d;  j=1,2,3
j=1
xij Z 0

where available supply s; = 120 and s, = 140 and the required demand are d; = 100,
dy = 60 and d3 = 80.

Example:
A store sells two types of toys, A and B. The store owner pays 8% and 14$ for each
one unit of toy A and B respectively. One unit of toys A yields a profit of 2% while
a unit of toys B yields a profit of 3. The store owner estimates that no more than
2000 toys will be sold every month and he does not plan to invest more than 20,000$
in inventory of these toys. How many units of each type of toys should be stocked

in order to maximize his monthly total profit profit?
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x and y is number of toys A & B x>0,y>0
a total of 2000 toys is to be sold z+y <2000
one unit of toy A yields profit of 2%

Profit=2z + 3y
one unit of toy B yields profit of 3$
Cost of A and B is 8% & 14%

S8z + 14y < 20000
total budget is 20,000%

Example:
A company produces two types of tables, T1 and T2. It takes 2 hours to produce
the parts of one unit of T1, 1 hour to assemble and 2 hours to polish.It takes 4
hours to produce the parts of one unit of T2, 2.5 hour to assemble and 1.5 hours to
polish. Per month, 7000 hours are available for producing the parts, 4000 hours for
assembling the parts and 5500 hours for polishing the tables. The profit per unit of
T1 is 90$ and per unit of T2 is 110$. How many of each type of tables should be

produced in order to maximize the total monthly profit?

X,y is the number of T1 and T2 tables x>0, y=>0

Profit from sale of T1 and T2 is 90$ and 110% P(z,y) =90z + 110y
T1 Takes 2 / 1 / 2 hrs to produce, assemble and polish 2x 4+ 4y < 7000

T2 Takes 4 / 2.5 / 1.5 hrs to produce assemble and polish x + 2.5y < 4000

total 7000/ 4000 / 5500 hrs to produce, assemble and polish 2z + 1.5y < 5500

A farmer plans to mix two types of food to make a mix of low cost feed for the
animals in his farm. A bag of food A costs 10$ and contains 40 units of proteins, 20
units of minerals and 10 units of vitamins. A bag of food B costs 12$ and contains
30 units of proteins, 20 units of minerals and 30 units of vitamins. How many bags
of food A and B should the consumed by the animals each day in order to meet the
minimum daily requirements of 150 units of proteins, 90 units of minerals and 60

units of vitamins at a minimum cost?

x,y is number of Bags of food A& B x>0 y>0

Profit from sale of T1 and T2 is 90$ and 110% P(z,y) =90z + 110y
Food A has 40/ 20 / 10 units of Proteins, Minerals & vitamins 40z + 4y < 7000
Food B has 30/ 20 /30 units of Proteins, Minerals & vitamins x + 2.5y < 4000
Minimum diet of 150, 90 and 60 units of p,m and v is required 2x 4+ 1.5y < 5500
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3.2 General Linear Programming Problem

From the above examples a general linear programming problem can be stated as
follows:

Find z1, 29, --- , x, that will

( Min or Max

Subject to Restrictions

Z=CT1 + CZz+ -+ CrTy

(

<
a11%1 + 12T2 + -+ + A1 Ty < (
Do+ (2
A1 1 + Qmaa + -+ + Ay < (Z)(=)b,

111 + a19T9 + -+ - + a1y < )(:)bl
)(:)b2
)

>
>

The General Linear Programming Problem

N\ J

where in each expression one and only one of the symbols >, < and = occurs. The

linear function in (equation) is called the objective function. The equalities and/or
inequalities in (equation) are called constraints. Note that the left-hand sides of
all the inequalities or equalities are linear function of variables x1,zs, -, x, just
as the objective function is. A problem in which not all of the constraints or the
objective functions are linear function of the variables is a non-linear programming
problems. A linear Programming problem in standard form if it is in the following

form:

find values of x1, o, - - - ,, that will

maximize z = cix; + CaToy+ -+ ¢ Ty,
S.t.
1121 + @192 + -+ - + a1, < by
A91%1 + A90%s + - - - + Gop T, < by
S I ST TR S

Am1T1 + Am2T2 SFecoF Amndn S bm

Linear Programming Problem in Standard Form
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A linear program is in conical form if it is in the following form:

find values of x1, xo, - - - x,, that will

maximize 2z = cir;+ CoTy+ -+ c, 1y,

s.t.
111 + a1 + -+ - + A1, Ty = bl
(3.3)
911 + Q999 + - - - + A9, Ty, = b2
5 A eee =
Am1T1 + A2l + -+ + Gy = bm

Linear Programming Problem in Canonical Form

N\ J

3.3 Some More Examples

The following problems are neither in canonical nor standard form, why!?

(a) min z=3zr+y
s.t.
20 +y <4
3r —2y <6
r>0y>0

(b) max =z =2z + 3xs + 4x3
s.t.
3x1 4+ 229 — 33 < 4
201 + 3x0 + 223 <6
3r1 — X9 + 223 > —8
1120 2920 23>0

(¢) max z=3z+2y+3v—2w
s.t.
204+ 6y+2v—4dw =17
3r +2y —Hv+w =38
3r+2y —dv+w<4
x>0, y >0, v >0, w >0
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(d) min z=2r+5y+u+v+4w
S.t.
3r+2y —4du=4
dr +5y+3u+20v="7
6+ Ty +2v+ 5w <4

x>0, y=>0,
u>0, v>0,
w > 0,

() min z=2z+ 5y

s.t.
3r+2y <6
20 +9y <8
x>0
(f) min 2z =2z + 329 + x3
s.t.

201 + 19 —x3 =4
3x1+ 229+ 23 =8
T — Ty =26

2120, 1020

Minimization Problem as Maximization Problem

Every minimization problem can be viewed as a maximization problem and con-

versely. This can be seen from the observation that
n n
min Y ¢ = max< -> cixl')
i=1 i=1

That is to minimize the objective functions we could maximize its negative and then

change the sign of the answer. The solution (a) would be to change the sign of cost

function.
() min —z=-3z—y
s.t.
20 +y <4
3r—2y <6
r>0y>0
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Reversing an Inequality

If we multiply the inequality
kixy + kowo + -+ - + kpx,, >0
by -1, we obtain the inequality
—kixy — koxg — -+ - — kpx, < —b

so in the part (b) of optimization problem can be converted into standard form by

multiplying the 3rd constraint inequality with a -1.

(b) max =z =2z + 3x9 + 4x3
s.t.
3r1 + 2x9 — 323 < 4
201 + 30+ 223 < 6
—3r] + 19 — 223 < 8
x1 20, 29 >0,
x3 > 0.

Changing Equality into Inequality

Observe that we can write the equation x = 6 into a pair of inequalities < 6 and

—x < —6. In general case the equation
n
Z Q5 = bz (34)
j=1
can be written as a pair of inequalities

n n
doayr; <b Y —ayw; < b
j=1

J=1

Thus (c) can be formulated as an standard problem by rewriting constraints (1)

and (2) as an inequality:
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(c) max z=3x+2y+3v—2w
s.t.
20+ 6y +2v—4w <7
—2r — 6y — 2v 4+ 4w < -7
3r+2y —Hv+w <8
—3r —2y+50—w < =8
3r+2y—dv+w <4
x20, y=0,
v>0, w>0.

Unconstrained Variables

Suppose that x; is not constrained to be a non-negative. We replace z; with two

T

new variables = j

and x;, letting

+
J J

where :r;r > 0 and z; > 0. That is any number is the difference of two non-negative

numbers. Therefore problems (e) and (f) can be converted into standard form as

() min z=2x+5y" — 5y

s.t.
3z +2yT — 2y~ <6
2+ 9yT — 9y~ <8
x>0,  y">0, y >0,
(f) min 2= —2z; — 3wy — 25 + 75
s.t.

201 + @9 — a3 + 15 =4
3z + 2wy + 14 — x5 =8
Ty — 22 =206
120, 1920
r3 >0, z3 >0

3.3.1 Matrix Notation

It is convenient to write a linear programming problem in matrix notation. Consider

the standard linear programming problem
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max 2z = C1Z1+ CoZo+ -+ Chly

s.t.
a11T1 + G12T2 + - -+ + A1 Ty, <b
(2171 + Q222 + + -+ + A2,Xy, < by
+ o+ e+ <
Am1T1 + Am2T2 + -+ AmnTn S bm
:ichO 17=12---.n
letting
apy Q2 - Qip X1
Q21 Q22 -+ Qap X2
A - s X =
m1 Am2 - Amp L |
by C1
by Co
X = and, c=
bm Cn_

We can write our linear programming problem as:
find vector x € R" that will

max z=c'x
s.t Ax<b
x>0

where inequality implies that every entry of the vector satisfies the condition.
Example The lumber problem:
Find a vector x € R? that will

2 2] [ 8|
s.t <
5 3] |y 15|
_l’
>0
Y

Definition: A vector x € R" satisfying the constraints of a linear programming

problem is called feasible solution to the problem. A feasible solution that max-
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imizes the objective function of a linear programming problem is called optimal

solution.

Changing an Inequality to an Equality

Consider a constraint

a1 + QT + -+ Ay, < b; (3.5)

it is possible to convert (3.5) into an equation by introducing a new variable u; as
writing

i1y + QipTo + - + Ty +u; = b; (3.6)

The variable u; is non-negative and is called slack variable because it takes up the
slack between left and right side of the equation (3.5).
Converting the linear programming problem from the standard form as defined in
(3.2) to a problem in canonical form (3.3) by introducing a slack variable in each
of the constraints. Note each constraint will get a different variable. In the i—th
constraint inequality

AT + ATy + o+ Ay, < b; (3.7)

we introduce a slack variable z,,; and write
a1 + ATy + -+ AipnTy + Tngs = b (3.8)

because of the direction of the inequality we know that x;;; < 0; Therefore the

canonical form of the problem is

max 2z =cC&1+ Cxy+- -+ crr,

s.t.
1171 + a1222 + -+ + A1 Ty + Ty =b
a21%1 + Q%o + - -+ + A2nTy + ZTng2 = by (3.9)
R =
Am1T1 + QmaZa + - -+ + AmnTn + Tpim  =bn
21202020, 2, 20,201 >0, Ty >0

the new problem has m equations and n+m unknowns in addition to non-negativity
restrictions on variable x1, o, - , Tpn, Tpa1, - 5 Tntm-

If y = [y1, -+ ,yn)" is a feasible solution to the problem given by (3.2) then we
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define y,; forve=1,2,--- ,m by

Ynti = by — @iy — QioYo — Ai3Y3 — *+* — AinlYn (3-10)

That is ¢, is the difference between the right side of the i—th constraint in (3.2)
and the value of the left side of this constraint at feasible solution y. Since each

constraint in (3.2) is of the < form. We conclude that
Ynii <0, 1=1,2,---,m (3.11)

This [y1, %2, » Yn, Unt1, " > Ynim]  satisfies (3.6) and (3.9) and the vector § =
(Y1, Y2, s Yn, Yni1s > Yntm) is feasible solution to the linear programming prob-

lem in canonical form given by (3.9). Then clearly y; <0, yo <0 -+ y, < 0; Since

Ynwi > 0,72=1,2,--- 'm we see that
anyi + ayz + -+ AinYn < b, 1=12--,m (3.12)
Here y = [y1,--- ,ya]" is a feasible solution to the linear programming problem in

a standard form given by (3.2). The discussion above shows that a feasible solution
to a standard linear programming problem yields solution to a canonical linear
programming problem by adjoining the values of the slack variables. conversely,
a feasible solution to the corresponding standard linear programming problem by
truncating the slack variables.

Now coming back to the mill example and introducing the slack variables

maximize 2z = 120x 4 100y
s.t 2v+2y  +u =38
ox + 3y +v=15
x>0 y>0 u>0 v>0

In terms of model the slack variables u and v is the difference between the total
amount of the time that the saw is available, 8 hours and the amount of time is it
actually used 2x + 2y hours. Similarly, the slack variable v is the difference between
the total amount of time that the plane is available 15 hours and the amount of
time it is actually used 5x + 3y hours.

Assuming x = 2, y = 1 is a feasible solution to the problem in standard form. For

this feasible solution we have

u=8-2-2-2.1=2
v=15-5-2—-3-1=2
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Thus z =2, y =1, u = 2 and v = 2 is a feasible solution to the new form of the
problem.
Now consider the following set of values (zx = 1, y = 1, u = 4 and v = 7) these

values lead to the new solution since

2:-142-14+4=8
5:-1+3-14+7=15

Consequently z = 1 and y = 1 is a feasible solution to the given problem. As we

have already evaluated the solution we know that if z = i,y =5 Therefore in
canonical form the solution to this problem

5
u=2-242.2-8=0

v=9--+3"

The linear program problem given in (3.9) can be written in matrix form as follows:

Zy
X2
a1 a2 -+ a, 100 0
a1 Gz -+ Az, 0 0
A= X T
0
xn+1
Ami Am2 *° Qmp 0 0 1
xn—s—m
C1
C2
by
by
b= | . and c= |cm
’ 0
bm
0
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max
s.t

Z:CTX

Ax=Db
x>0

Note: This problem is in canonical form.

Example:Convert the following LPP into canoncial form.

max
s.t.

80x + 70y

6x + 3y < 96

r+y<18

20 + 6y <72
x>0 y>0

Exercise: Students are encourage to sketch and then use linprog tool to evaulate

the following LPPs

max z2z=x+2y
s.t.
3r+y <6
3r+4y <12
x>0 y>0
max z=3r+y
s.t.
—3r+y>6
3z + oy <15
x>0 y>0

max

s.t.

0.5I1+2I2+£L’3 S 24
$1+2I2+4l‘3§60
120 2920 23>0

max 2z = bHxr — 3y

s.t.
x+2y <4
r+3y>06
x>0 y>0
max 2z =2z + 3y
s.t.
3r+y <6
r+y<4
x>0 y>0

72
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3.4 Duality

4 )

1. Every linear program has a Dual.

2. If the original is a maximization, the dual is a minimization problem
and vice-versa
3. Solution of one problems leads to the solution of other.

Primal Problem: Maximize ¢’ x subject to Ax < b, x > 0.
Dual Problem: Minimize y'b subject to ATy > ¢, y > 0.

If one has optimal solution so does the other and their values are the same.

In this section we illustrate how to associate a minimization problem with linear
programming problem in standard form. There are some very interesting interpre-
tations of the associated problem that we discuss.

Generally a problem in standard form can be thought of as manufacturing problem,
one in which scarce resources are allocated in a way that maximize profit. The
associated minimization problem is the one that seeks to minimize cost.

Consider the pair of linear programming problem

max 2z =0x+ 2y
st x4+3y <12

3r—4y <9
Tr + 8y < 20
x>0 y>0

The corresponding minimization problem would be

max 2z = 12a + 90 + 20c
st a+3b+T7c>5
3a —4b+ 8¢ > 2
a>0 b>0 ¢>0

max z=c'x min w = b’y
st Ax<b st ATy>c (3.13)
x>0 y=0
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where A is m X n matrix ¢ and x are n X 1 column vectors and b and y are m x 1
column vectors.

These problems are called dual problems. The formal is called primal and later is
call dual problem. Theorem: given a primal problem, the dual of its dual problem

is again the primal problem.

Primal Problem Dual Problem

Maximization Minimization

Coefficients of the objective function Right-hand side of constraints

Coefficients of i—th constraint is an inequality = Coefficients of i—th variable, one in each constraint
i—th constraint is an inequality < i—th variable is > 0

1—th constraint is an inequality = i—th variable is unrestricted

j—th variable is unrestricted j—th constraint is an equality

j—th variable is > 0 j—th constraint is an inequality >

Number of variables Number of constraints

Relation between Primal and Dual Problem

Any linear programming problem can have three possible outcomes
1. No feasible solution exists.
2. There is a finite optimal solution
3. Feasible solution does not exist but objective function is unbounded.

Since the dual problem is a linear programming problem attempting to solve it also
leads to these three possible outcomes. Consequently in considering relationship
between solutions to the primal and dual problems there are nine alternative pairs

of solutions. We now present theorems that show which of these alternatives actually

can occur.
Primal
Finite Optimal | Unbounded | infeasible
_| Finite Optimal possible impossible | impossible
§ Unbounded impossible impossible possible
Infeasible impossible possible possible
Example-1
max z = 2x; + To min 2 = 6w, + wy
S.t. s.t.
3x1—2x2§6 3’(1)1—'—11}222
$1—2I2§6 —211)1—211]221
r1 20,2020 wy 2 0,we >0
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2

1 —2x0 =1

Y2

3y1 +y2 =2

/ X1
3x1 — 2220 =6

Example-2

max z = 3x1 + 229
s.t.

31‘1 — 2[1)2 S —1
—2.171 -+ 2.772 S —4
1 20,29 20

min
s.t.

Y1

Y1

—2y1 — 2y = 1"/

2= —wy — 4w,

2’[1)1 — 211}2 Z 3
—2'[1]1 -+ 2'[1}2 2 2

wy 2> 0,wy >0

—2y1 + 2y 72

2y1 — 2y2 ~3

T
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Example-3

max 2z =21+ Ty min 2 = Sw; + 18w,
s.t. s.t.
LL’1+2?L’2§1 w1—|—3w222
31['1 + 4[EQ S 18 2w1 + 4w2 2 1
r1 20,2920 wy; 2 0,we >0
T ()
/3(1?1 +4ry <18
wy + 3wy > 2
71 +219 <8 2wy + 4wy > 1
/
9 [ -

3.4.1 Weak Duality Theorem

if x( is a feasible solution to the primal problem

max z=c'x min w = bly
st Ax<b st ATy>c (3.14)
x>0 y=>0
then
c'xy < by (3.15)

i.e. the value of objective function of the dual problem is always greater than or

equal to the value of the objective function of the primal problem

Problem

Dual
U minimization

Duality Gap i

/\ maximization
Primal

Problem
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Proof:
AXO S b

it follows from above that
YoAxo <y{b=b"y,

since yo > 0. The equality in above expression comes from the fact that yob is a
scalar.

Since y is a feasible solution we have
ATy, >c

taking its transpose yields
YoA > c’

Multiply by x¢ (which in non-negative) and does not change in the inequality. We
get

yo Axg > ¢'xq

combining the inequalities above gives the desired results.

3.4.2 Strong Duality Theorem

a. if either the primal or dual problem has a feasible solution with a finite optimal
objective value, then the other problem has feasible solution with same objective

value.

b. if primal and dual equations as defined in (3.13) have feasible solutions then

e if the primal problem has an optimal solution- say xq
e if the dual problem has an optimal solution - say yo then

e c'xy =bly,

Proof is not pursued here.

3.5 Complementary Slackness Theorem

For an pair of optimal solutions to primal and duals problems we have:
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a fori=1,2,---,m the product of the i—th slack variable for the primal problem

and the i—th dual variable is zero. That is x,,; - w; =0 fori=1,--- m.

b for j = 1,2,--- ,n, the product of j—th slack variable for the dual problem and

the j—th variable for the primal problem is zero.

Another way to state the theorem is that if i—th slack variable of the primal problem
is not zero, then i—th dual variable must be zero. Likewise, if j—th slack variable
of the dual problem is not zero, then the j—th primal variable must be zero. Note
that it is possible for both the slack variable and its corresponding dual variable to
be zero.

Consider we have a linear optimization problem is standard form

Primal Dual
n n
max z= Z Ci%j min w = Zyibi
j=1 i=1
S.t. s.t.
n n
Z:Zaijxj < b, w:Zaijyi > Cj
j=1 =1
;>0 g=1,---'m >0 1=1,---,n

we add slack variables to convert the system into canonic form

max z = chxj min w:Zyibi
= i=1
s.t. s.t.
2= a;r;+ s =D W= agy; — e = ¢ (3.16)
j=1 i=1
i:1,"',m j:l)...7n
rj >0 j=1-",n yiz0 i=1,---,n
$,>20 +1=1,---.m e, >0 g=1,---,m

The complementary slackness theorem states that:
let x =[xy, -+, 2,] be a feasible solution to a primal
let y = [y1,- - ,ym] be a feasible solution to a dual
Then x is a primal and y is dual optimal solution if

Yi=0 1=1,---,
Y ' " (3.17)

ejr; =0 j=1,---,n
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Primal Dual
max 2z = 60z; + 30xs + 2023 min  w = 48y; + 20ys + 8ys
s.t. s.t.
8xy1 + 69 + 13 < 48 8y1 + 4ys + 2y3 > 60
dr1 4+ 229 4+ 1.5253 < 20 611 + 2y» + 1.5y3 > 30
271 + 1.529 + 0.5253 < 8 8y1 + 4ys + 2y3 > 20
(3.18)
Optimal Primal Solution Optimal Dual Solution
1 =209 =023 =8 y1 = 0,40 = 10,y3 = 10
s1 =24,8 =0,83 =0 e1 = 0,69 =5,e3=0
2" =280 w* = 280

3.6 Simplex Algorithm

Simplex algorithm is one of the most important things to be invented discovered in
20th century. This has allowed for systematic optimization of linear optimization
problems. The algorithm has evolved tremendously since its conception in the late
1940’s.

The main idea of simplex method is that it finds the optimal problem by traversing

through the corner points of the feasibility region as illustrated in the figure below:

The main draw back of this algorithm is its computational complexity is polynomial
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order i.e. C* where n is the number of variables while C' and k are some +ve con-
stants. And this algorithm may eventually not converge to optimality under certain
conditions. This algorithm is elegant and suitable for computer implementation

however its equally solvable for simple optimization problems.
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The simplex Method
Standard Form

To solve a linear programming problem in standard form use the following

steps

a. Convert each inequality in the set of constraints to an equation by adding

slack variables.
b. Create initial simplex tableau.

c. Locate the most negative entry in at bottom row. The column from this
entry is called entry column. If tie occurs, any of the tied entries can be

used to determine the entering column.

d. From the ratio of the entries in the b-column with their corresponding positive
enteries in the entering column. The Departing row corresponds to the
smallest non-negative ratio b;/a;;, if all entries in the entering column are 0
or negative, then there is no maximum solution. For ties choose either entry.

The entry in the departing row and entering column is called the pivot.

e. Use elementary row operations so that pivot is 1, and all other entries in the

entering column are 0. The process is called pivoting.

f. If all entries in the bottom row are zero or positive, this is the final tableau.

If not, go back to step e.

Example-1:lets consider the Lumber mill optimization problem

max z = 120z + 100y
s.t.
20+ 2y <8
5 4+ 3y < 15
x>0 y>0

must be converted into canonical form

z— 1202 — 100y =0
20 + 2y + 51 =38
5x + 3y + s9 =15
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) b y | s1| s |z
S1 2 2 170]0|8
0

S9 @ 3 0 1

_1T20 -1000 0[O 1] 0

15

identify the most negative entry in the last row i.e. entering row and calculate the

b,

ratio —. The row which provides the lowest ratio is considered and corresponding
aij

row element is called the pivot element.

Now we need to set the pivot element — 1 and the other elements of pivot column

— 0.
2
R1=R1—5XR2
R —lxR
2—5 2

R3=R3+24*R2

Application of these row operations on the tableau @) would yield into

5z + 3y < 15

@ X y S1 So9 | £ b (§ 5
Sl 2 o] o 2
51 g _15 S22 + 2y < 8
1| - 0] =10 3
* 5 5
01-28101]24111360

marking the entering column and leaving row into the simplex tableau above

@|x| v |s1] s2|2z| b
2
1] = 0| = |0 3
i 5 5
0 _T28 024 |1]360
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)
Rlzszl

3
RQZRQ_*XRl

4
R3:R3+35*R1

Application of these row operations on the tableau @) would yield into

@ |x|y|s1]|s2|z] b

5} 1 5%

1] 2 | .= hd

y | 0 % 5 0 %

1

10— =10 =

‘ 4|2 2
1101351011430

Since all the elements of in bottom row are > 0 the optimal point has been reached.

Example-2:lets consider another optimization problem

max 2 =2r+ 3y
s.t.
r+3y <9
2z + 3y < 12
x>0 y>0

must be converted into canonical form

z—2x—3y=20

:z:—|—3y—|—51 =9
2z + 3y + 59 =12
D x|y |s]s
s1| 11 &[1]0([0]9
S0 |1 2131011 0]12
21-3,0]0]1]0
T

Now we need to set the pivot element — 1 and the other elements of pivot column

— 0.
1
RlzgRl
Ry =Ry — Ry
Rs = R3 + Ry
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Application of these row operations on the tableau (I) would yield into

Q| x |y|s1|s2]|2]|b
1 1 L 003

Y13 3

s 1 |]O|-1]11]0]3

—110( 11019
4

marking the entering column and leaving row into the simplex tableau above

1

Rl :R1—§XR2
Ry =Ry
Rs = R3 + Ry

Application of these row operations on the tableau 2) would yield into

@ |x|y|s1|s2|2z]| b
2 1
0|1 =1]-=10] 2
4 3173
z | 1(0-1]1 10| 3
0O/0] 0] 1 [1]12

Example-3:Lets consider the following optimization problem

max f=2x+4y+ 3z
s.t.
r+y+z<12
r+3y+32<24
3r + 6y + 4z <90
x>0 y>0 2z2>0

must be converted into canonical form

f—2r—4y—32=0

r+y+z+s; =12
r+3y+3z+ +sot+ =24
3r + 6y + 4z + +s3 =90
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X y Z S1 | S2 | S3 f b
sp 11|11 ]0]0]0]12
so | 113131011 ]0]0)|24
s3/3|16(4]0]0]1]0/90

-2 —LTL 310]0]0|11]0
R, =
Ry =
Rgz

X |y| 2z |8 |8 |s3|z]|Db

2 0101 L 01101 4
S — [—

"3 3
L 11110 L 01101 8
23 3
s3] 1 ]0(-2[01]-2]11]0]42
2 0(1]0 1 01|32
3 3
R =
RQZ
Rs; =
X|y|z |8 |8 |s3|z]|b
3 I

s111]101]0 3173 0101 6
1] 1

S9 0 1 1 -5 5 0 0 6
31 3

S3 0]0]-2 -5 -5 1 0136

00111 1 ]10]1]36

3.6.1 Variants of Simplex Algorithm

Simplex method opened up an new field of research aiming to to optimize the im-
plementation and avoiding degeneracy. Only a few methods are presented here for

brevity.
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3.6.2 The big-M Method

One way to guarantee that the new optimal solution is optimal for the original LP,
is to modify the objective function, so that the artificial variable will take value zero
in the new optimal solution. In other words, a very large penalty is added to the
objective function if the slack variables take positive value.

Consider the following LP:

max 2 =2r+ 3y
s.t.
z+3y <9
20+ 3y < 12
x>0 y>0

z—2x—3y=0
T+ 3y + 51 +Ma, =9
20+ 3y + 59 =12

Here M is a symbolic big positive number. It is so big that even if a; is slightly
big than 0, the penalty -Ma; will be severe. In this case, it is reasonable that the
optimal solution to this new LP will take value 0 for the artificial variable a;, and

hence an optimal solution for the original LP.

3.6.3 Two Phase Method

The two-phase method and big-M method are equivalent. In practice, however, most
computer codes utilizes the two-phased method. The reasons are that the inclusion
of the big number M may cause round-off error and other computational difficulties.
The two-phase method, on the other hand, does not involve the big number M and
hence all the problems are avoided. The two-phase method, as it is called, divides
the process into two phases.

Phase 1: The goal is to find a BFS for the original LP. Indeed, we will ignore the
original objective for a while, and instead try to minimize the sum of all artificial
variable. At the end of phase 1, a basic feasible solution (BFS) is obtained if the
minimal value of this LP is zero.

Phase 2: Drop all the artificial variables, change the objective function back to the
original one. Use just the regular simplex algorithm, with the starting BF'S obtained
in Phase 1.
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3.7 Karush-Kuhn-Tucker Conditions

For a general optimization problem

optimize f(x) reR"

The necessary condition for optimization
1. Primal Feasibility
gi(z*)—b; for i=1,--- n feasible
hj(z*)—b; for  j=1,--- ,m feasible

2. Stationarity

max  Vf(z*) => V(") — b)) + > NV (hi(z*) — b;)

i=1 i=1
3. Complimentary Slackness

pigi(x*) =0 wherep; > 0

Example-1 Consider the following optimization

According to Karush-Khun-Tucker conditions, any feasible solution must satisfy the

following condition
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k m
V") = NVhi(x") = > 1iVgi(x") =0
j=1 i=1

pigi(x*) =0

p; 20
please recall that

of

Vix) = | g

Ay
1 | =8@—-1* |0 |0
0 1 ~1] |0

V() Vai() Vga(")

We need to plot the graph to illustrate the nature of the graph and also we need
to justify why the value is ’zero’.

Since no value of p; and us exist such that

VIx) = > miVai(x") =0
i=1

Example-2 Consider the following optimization

max —(z —2)% —2(y — 1)

s.t.
r+4y <3
—r+y<0
—2(x —2) 1 —1
Son WL
V() Vo1 () V()
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there are several possibilities and one of them may be feasible and optimal

p=p=0—=x=2,y=1

4 4
%51 y L Yy z 37/’62 3
5 1 2
3-r—dy=0=0-r=gy=gm=g
3 3 22 48
3—r—4y=0,z—y=0 =—,y== — = ——
T —ay T —Y - YT g = o e 25
Example
0V | D 104
: 20 9
= - R
""10+R b=t

The optimization problem is defined as

. 400R
min —m
s.t.

—R>0

The KKT condition for a feasible solution

V() —uVg(:)=0

400(R — 10)

u=0
1+nr® "

The graphical illustration of the graph is as follows
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10

—10

time. In 1984 Karamaker proposed an

For a smooth nonlinear function solve:

400(R — 10)
p(R) = W

R

;;g 10

10 |

3.8 Interior Point Method

The simplex method (SM) has some convergence problems (i.e. it does not always
converge to the optimal solution) additionally the complexity of SM is polynomial
algorithm which unlike SM (which treads
the edges of the Feasibility region) works through the interior of feasibility region
to find the optimal point. The path following method is not described by Newton’s
method and Barrier function. The method is called interior point method because
this algorithm is initialized with a reference point x; in the interior of feasibility

region. The concept is illustrated in figure below:

Xopt

)
D

The idea is based on Newton’s Method on finding minima and maxima of function.

fx)=0
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Taylor’s theorem (linearization)
PO ) = f(x7) + V(X + d)
If x° is initial guess, computer dy such that f(x 4 dy) = 0
F(x") + V(x")dx = 0= dx = =(Vf(x")) 7' f(x")

dy defines the search direction , new point x7 i.e.

xt = x" + ady

where 0 < a < 1 is the step size

The problem can be reformulated from the standard to canonical form

min  f(z) xze®R" min  f(z) zeR"
s.t. s.t.
h(x) h(x) —b—w
w >0 h(x) =0
X2

An elegant way to get rid of limitations on variables x is to include a penalty in the

cost function. This technique is typically known as the Barrier function
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Primal Dual

min  f(z) xzeR" min  f(z) zeR"
s.t. s.t.
h(x) =0 h(x) — > In(z;)
i=1
x>0 h(x) =
c(x)=0
100 |- — =014
— = 0.25
— u=0.5
— u=1.0
50 |- — u =25 H
- /1/ —
0 [ -
| | | | |
0 S 10 15 20

Example: Consider the optimization problem in standard format

40
30
min (7 — 3)? 20 |

s.t.
<0 10 -
which is
min (7 — 3)? — pln(z) 0
~10|
| | | | | |
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Translating the problem into canonical form

The logarithmic barrier function is now introduced:

min f(x) — s i log(s:)

s.t.

Now incorporate the equality constraint into the objective function using Lagrange

multiplier
min  f(x) —p ) log(si) —y' (9(x) —s)
i=1
checking the stationarity of KKT conditions

V/(x) - Vg(x)Ty = 0
—uwWle+y=0
g(x)—s=0

rearranging these equations we have

Vf(x) - Vy(x)'y =0
WYe = e
g(x)—s=0

Utilize newton’s method to determine the search directions Ax, As and Ay,

G(z,y) 0 —A(x)"| |Ax ~Af(x)+Ax)y
0 Y \\% As| = e — WYe
A(z) -1 0 Ay —g(x) +s

where G(z,y) = V2 f(x) — iyiVQgi(x) and A(z) = Vg(x).

i=1
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Using the set of equations

Ax
Ay

A(z) WY

{—G(x, y) AT(x)
—g(x) +uY e

Af(x) - AT<x>y]

From here, perform iterations:

x" = xF 4 oF AxF
s"th =g + aF A"

yEHl — yh 4 ok Ayk

The interior point method approximates the constraints of a linear programming
model as a set of boundaries surrounding a region. These approximations are used
when the problem has constraints that are discontinuous or otherwise troublesome,
but can me modified so that a linear solver can handle them. Once the problem is
formulated in the correct way, Newton’s method is used to iteratively approach more
and more optimal solutions within the feasible region. Two practical algorithms exist
in IP method: barrier and primal-dual. Primal-dual method is a more promising
way to solve larger problems with more efficiency and accuracy. As shown in the
figure above, the number of iterations needed for the primal-dual method to solve a
problem increases logarithmically with the number of variables, and standard error

only increases rapidly when a very large number of dimensions exist.
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Chapter

NonLinear Programming Techniques

Outline

-

Now that we have familiarized ourselves with simplest (Linear) program-
ming techniques which are although important but very limited in their ca-
pabilities. In this chapter we study some of the wider class of Programming

techniques which cater to a wider class of linear programming techniques.

@ Quadratic Programming ® Semi-Definite Programming .
® Cone Programming ® Matlab Implementations.
© Integer Programming G .

O Second Order Cone Programming. ).

N\ J

4.1 Integer Programming

Thus far we have been concerned with finding optimal values of parameters which
are continuous in nature. Now we consider a special type of optimization problems
where optimal solution take on only integer values. This kind of optimization is
particularly useful if we have to decide which stocks to buy, the optimal route to

destination, the optimal warehouse to get/send goods to.

min z:clx
st Az <b
0<z; <1 €L j=1,---,n
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In its general form the Integer programming problem can have a mix of possible
outcomes i.e. some of the parameters can take on real values while other parameters
could only be integer values. While in another case the problem could be a purely
binary problem.

Example: Depot Location

Example: a company has selected m possible sites for distribution of its products
in a certain area. There are n customers in the area and the transport cost of
supplying the whole of customer j’s requirements over the given planning period
from potential cite ¢ is ¢;;. Should site ¢ be developed it will cost f; to construct
depot there. Which sites should be selected to minimize the total construction and
transportation cost?

To solve this problem we introduce m variables yq,--- ¥, which can only take
values 0 or 1 and correspond to a particular site being not developed or developed
respectively. We next define z;; to be the fraction of customer j’s requirements

supplied from depot ¢ in a given solution. The problem can be expressed as
min 2 : Z Z CijTij + Z fiyi
i=1j=1 i=1
s.t inj =Lz; <y, t=1,---.m j=1--,n
i=1
2 >20,0<y; <1, ;€4 i=1,---,m j=1,---,n
Note that y; = 0 then f;i; = 0 and there is no contribution to the total cost. Also
x;; < y; implies x;; = 0 for j = 1,---n and so no good are distributed from site i
(i.e. no depot at site 7).

On the other hand, if y; = 1 then f;3; = f; which the cost of constructing depot 1.

Also z;; < y; becomes z;; <1 which holds anyway from constraints.

this need to be explained better

4.2 Quadratic Programming

The problem is defined as

min z'Px+q¢'z

st Gz>=h
Ar=1b
>0
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where Gx > h implies every element-wise inequality.

Example:

min ;x2+3x+4y

st x+3y>15
2z + 5y < 100
3z + 4y < 80
z,y >0

This problem can be expressed as

T

Y

+

o1 10
mins [z ] [O .

+[3 4 H

Y

This problem can be fed into matlab ‘Quadprog’ for solution for example.

a. Write the following polynomial as =7 Ax.

b. Formulate the following optimization problem

min Qxf + :pg — 22179 — Dx1 — 279
st 3x1 4+ 225 <20
=511 4+ 319 < 4

x1,22 >0

Notice that the constraints are only linear yet a more generalized form ‘Quadratic

Constraints Quadratic Programming’ considers more general quadratic constraints

(more on this later).

4.3 Geometric Programming

Geometric Programming was invented by Duffin, Petterson and Zener in 1967. This

type of optimization problem finds application in geometrical problems, problems

which can be accurately approximated by power laws. A geometric program is

classified into two types namely monomials and posynomials which are defined as

follows

z)=Cxi'z5? -z
1 2 n
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where C' > 0, a; € R, a; can take -ve values aswell. The posynomials can be defined

as

Quick Examples:

207" xy" + 3wy is a posynomial in x
T1 — Ty is not a posynomial

x1/ T is a monomial thus also a posynomial.

The optimization problem can be framed as

min fo(z)
GP st fi(z) <1 i=1,---,n
hi(z) =0 j=1,---,m
reR
x>0

where f;(x) is posynomial and h;(x) is a monomial.
Quick example: Consider a general maximization problem

2

x
max —
yz
st 1l<x<b
2<y<4

2
z
y2+2xy+5;+:z<\/§
x

i:yQ
z

x,y,z € Ryz,y, 2 >0
The problem can be equivalently represented (in standard form) as

min  z%yz
st a7 l<1
1
-z <1
5
2y 1 <1
3 1 2 1 -1 _1
Y2 +2z2 + 52" 'y 2 4ay 2 <1
rzly 2 <1
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4.4 Cone Programming

In the case of linear programming (Primal problem) in standard form we had

min z:clx
st Ax=0b
x>0

Now, with conic programming we replace the condition by requiring that x € K.

The primal form of conic program:

inf z:c'x
st Ax =10
re K

K is a set such that if z,y € K then ax + By € K for a, 5 > 0.

Some commonly used cones using in conic programming
1. The non-negative orthant, K = {x € R" : « > 0}.

n—1
2. The second order cone Koo = {z € R* : 22 > > x},x, > 0} which is also
i=1
called Lorentz cone or the ice cream cone.
3. The positive semi-definite cone K = {X € RN . XT = X, I Xv > 0o >
0Vv € R"}. Note that X is a symmetric matrix and our conic program becomes
inf z: Zci]’xi]’
s.t Zaij(k):vij :bk k= 1,...,m
ij

$Z‘jEK
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4.5 Semi-definite Programming

Semi-definite programming is another significant milestone in the general theory of
optimization the term was coined in 1990’s and has been an active area of research
since then.

Semi-definite programming as a generalization of linear programming enables us to
specify in addition to linear constraints a set of ‘semi-definite’ constraints, special
form of nonlinear constraints. Starting with the case of linear programming we know

that a linear optimization problem is framed as

min c¢-x
st a-x=¥ 1=1,---,m
n
LP re Ry
T1,09 >0

max Z Yib;
i=1

m
s.t Zyiai +s=c
i=1

LD re RNy

1,72 >0

Duality gap: ¢-x— Y yb; = (c -z — > yia;) -z=s -z > 0.
i=1 i=1

Definition: if X is an n X n matrix then X is positive semi-definite matrix if
oI Xy >0 A ve R

and positive definite matrix if v Xv > 0

S8™": set of n X n symmetric matrices.
8': set of positive semi-definite n x n symmetric matrices. X = 0.

8%, : set of positive definite n X n symmetric matrices. X > 0.
X=Y=X-Y =0
For a symmetric matrix A, the following statements are equivalent

e A0
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e All eigenvalues of A are non-negative.

e A=CTC, where C € R™"

Semi-definite Cone:

K is a closed convex cone if

r,we K = ar+ fw € k, a, >0

K is a closed set.

Remark 1: ST = {X € S"|X = 0} is a closed convex cone in R™ of dimension
n x (n+1)/2. Proof: Suppose that X, W € ST Vo, 8 > 0, Vv € R"

v (aX + fW)v = av” Xv + BT Wo > 0

where a- X +3-W € SY.

Properties of Symmetric Martix:

X € S" = X = QDQ" where Q is orthonormal i.e. Q7 = Q™', D is a diagonal
matrix. The columns of ) form a set of n orthogonal eigenvectors of X, whose

eignenvalues are the corresponding entries of D.

Facts of Symmetric Matrices

o If X € 8", then X = QDQ" for some orthonormal matrix @ and some

diagonal matrix D. (recall that Q is orthonormal means Q@ = Q7).

e if X = QDQT as above, then the columns of Q form a set of n orthogonal
eigenvectors of X whose eigen values correspond to the entries of diagonal

matrix D.
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X = 0if and only if X = QDQ’ where eigenvalues (i.e. diagonals of D) are

all non-negative.

e X = 0 if and only if X = QDQ" where eigenvalues (i.e. diagonals of D) are

all positive.
e M is a symmetric, then det(M) = I17_, \;.
e X >=0then X;; >0,2=1,--- n.
e X »>=0andif X;; =0, then X;; = X;,0forall j=1,--- ,n.
e Consider matrix M defined as

P v

M =
ol d

where P > 0, v is a vector , d is a scalar then M 3= 0 if and only if d—v? P71v >
0.

e for a given column vector a, the matrix X = aa’ is a symmetric positive

semi-definite i.e. X = aa’ =0

Linear function of X
if C'(X) is a linear function of X, then C'(X) can be written as C' * X, where

i=1j=1

if X is a symmetric matrix, wlog matrix C' is also symmetric

Semi-definite Program:

min Cx X
st A xX = 1=1,---'m
SDP X =0
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1 0 1
Ar=10 3 7| A=
1 75

co N O
S O N
- O 0o

1 2 3
=12 9 0], b;=11 and by =19
3 0 7

T2 T13
X = |21 T o3
T13 T23 T33

C * X = T11 + 433'12 + 61’13 + 93’)22 + OZ’23 + 71’33

min  x11 +4x19 + 6213 + 9299 + 093 + 733
st @11+ 2713 + 3213 + 2291 + 9299 + 0293 + T35 = 11
st 0xy; + 4210 + 16213 + 6299 + Ox93 + 433 = 19

T11 Ti2 13

T Toy o3| # 0

T13 T23 T33

SDP looks remarkably similar to the linear program. However, the standard LP
constraints that z must lie in the non-negative orthant is replaced by the constraint
that the variable X must lie in the cone of positive semi-definite matrices. Just as
x > 0 states that each of the n components of  must be non-negative, it may be
helpful to think that X > 0 as stating that each of the n eigenvalues of X must be
non-negative. It is easy to see that a linear program LP is a special instance of SDP.
Semi-definite Programming Duality

The dual problem of SDP is defined as:

max Z yib;
i=1

SDD  s.t ZyiAi +S5=C
i=1

S=0

One convenient way of thinking about this problem is as follows. Given multipliers
m

Y1, ,Ym, the objective is to maximize the linear function Z y;b;. The constraints
i=1
of SDD state that the matrix S defined as

S=C-Y yA
=1
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must be postive semi-definite. That is

Construction of the dual of the problem presented earlier

max 11y, + 19y»

1 01 0 2 8 1 2 3
st 1|0 3 7| +y2]2 6 0| +5=12 9 0
1 75 8 0 4 3 07
SDP S=0

which can be written as

max 1ly; + 19ys
l—y1—0y2 2—=0y1 —2y2 3—1y1 — 8y
st Y |2—=0p1 —2y2 9—3y1 —6y2 0—"Tys — Oy
3—y1—8y2 0—Tyr —O0ya 7—5y1 — 4y
SDP S =0

According to the authors it is often easier to see and work with a semi-definite pro-

gram when it is presented in dual SDD, since the variables are the m multipliers

Y,y Ym-
As in linear programming, we can switch from one format of SDP to any other for-

mat with great ease, and there is no loss of generality in assuming particular specific

format for the primal and the dual.

SDP for Convex Quadratically Constrained Quadratic Pro-

gramming:
A convex quadratically constrained quadratic program is a problem of the form

min 27 Qoz + gt T + co
QCQP s.t iUTQZ.T—i‘quaj"‘CzSO izla"'am
QOuQi%O i:17'”7m

If we can factor each @; in MZT M; for some matrix M;. Then the optimization

problem can be reformulated as
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min 6

x,0 ~
I M()ZE

CQP st
Qe _$TMOT —co— @ +0

i Mz
CQP st 0 =1, ,m
Qe _mTMiT —ci—q v +0

QOuQi?O 1= y T, M

SDP for Second order Cone Programming

A second order cone optimization problem (SOCP) is an optimization problem of

the form:

min 'z

SOCP st Az =5
1Qix + di|| < (9] x + hi) i=1,-- K

where ||v|| is the standard Euclidean norm i.e. ||v||* := VvTv. The norm constraints
in SOCP are called the ‘second order cone constraints’. The constraints are convex.

Since

(g7z+h)I (Qx+d)

(Qr+d)" g'x+h 70 (4.2)

1Qz +d|| < (972 +h) =

105



Chapter 5

Introduction to Convex Optimization

5.1 Convex function

A function f : R" — R is convex if dom fis a convex set and if for all x and y €
dom fand # with 0 < 0 < 1, we have

fOx+ (1 —=0)y) <0f(x)+(1—-0f(y)) (5.1)

geometrically, this inequality means that the line segment between (z, f(x)) and
(y, f(y)), which is a chord from x and y lies above the graph of f. A function
f is called strictly convex if strict inequality holds in (5.1) whenever x # y and
0 <60 <1 Wesay f is concave if —f is convex, and strictly concave, and strictly

concave if —f is strictly convex.

v, fy)
[z, f(z)

For an affine function we always have equality in (5.1), so all affine (therefore also
linear) functions are both convex and concave. Conversely, any function that is

convex and concave is also affine.
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5.1.1 Affine Sets

A set C' C R" is affine if the line through any two distinct points in C' lies in C)| i.e.
if for any x1,29 € C and 0 € R, we have 0z, + (1 — 0)xzy € C. In other words C
contains the linear combination of any points in C', provided the coefficients in the

linear combination sum to one.

f=1.2
f=1.0

How to Check if a function is convex?

A twice-differentiable function of many variables is concave if and only if second
derivative is non-positive everywhere. similarly
A twice-differentiable function of many variables is convex if and only if second

derivative is non-negative everywhere.

For f(-) is a twice differentiable function of n-variables. The Hessian of f(-) at

a vector x is

n(@) fiolz) - fi(e)
o) = | (@) ) - Fle) o)
fa(e) fio(@) o fra(@)
e f(xz) is concave if and only if H(z) is negative semidefinite for all z € 8.
e if H(z) is negative definite for all z € 8 then f(+) is strictly concave.

e f(z) is convex if an only if H(x) is positive semidefinite for all z inS.

e if H(x) is positive definite for all x € 8§ then f is strictly convex.
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Why Convex functions are so important

All linear and affine functions are convex (and concave). Quadratic functions can
also we convex (or concave). Some more operations which yield in convex functions

are
e Exponential e is convex on R for any a € R.
e Powers z“ is convex on R, when a > 1 or a < 0 and concave 0 < a < 1.
e power of absolute value |z|? for p > 1 is convex on R.

e logarithm log z is concave on R, .
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5.1.2 Epigraph

The graph of a function f: R"™ — R is defined as

{(z, f(z))|z € dom [}

which is a subset of R"™. The epigraph of a function f : R® — R is defined as:

epi f = {(z,t)}z e dom f,  f(x) <1},

which is a subset of R™. ‘Epi’ means ‘above’ so epigraph means above the graph.

epif

f

The link between convex sets and convex functions is via the epigraph: A convex
function is convex only if epigraph is a convex set. A function is concave if any only

if its hypograph, defined as

hypo f = {(z,?)[t < f(2)},

is a convex set.

5.2 Operations that preserve convexity

Non-negative weighted sums

Evidently if f is a convex function and o > 0 then function a/f is convex. If f; and
fo are both convex functions then so is their sum f; + f. Combining non-negative

scaling and addition, we see that the set of convex functions is itself a convex cone;
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A non-negative weighted sum of convex functions

f=wfit+ - Fwnfn

is convex, similarly a non-negative weighted sum of concave functions is concave.
These properties extend to infinite sums and integrals as well. For example if f(x,y)
is convex in x for each y € A and w(y) > 0 for each y € A, then the function g
defined as

9(x) = [ wy)f(x,y)dy

is convex in x if such integral exists.

Composition with affine mapping

suppose f: R" — R, A € R"™™ and b € R". Define g : R™ — R by

9(x) = f(Az +b)

with dom g = {z|Ax +b € dom f}. Then if f is convex, so is g, if f is concave, so

isg.

Composition

Consider h : R¥ — R and g : R® — R" that guarantee convexity or concavity of
their composition f = ho g : R" — R is defined by

f(z) = h(g(x)), dom f = {z € dom g|g(z) € dom h}

this implies:

f is convex if h is convex and non-decreasing, and ¢ is convex,

f is convex if h is convex and non-increasing, and ¢ is concave,

f is concave if h is concave and non-decreasing, and ¢ is concave,
f is concave if h is concave and non-increasing, and ¢ is convex,
Some further implications:

if g is convex then exp(g(x)) is convex

if g is concave and positive, then log(g(z)) is concave

if ¢ is concave and positive, then 1/g(x) is convex

if g is convex and non-negative and p > 1, then g(z)? is convex.

if g is convex then —log(—g(z)) is convex on z|g(z) < 0.
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Perspective

if f:R™ — R, then the perspective of f is the function g : R®™ — R defined by

gla,t) =tf(x/t)

with domain
domg = {(z,t)|x/t € domf,t > 0}

The perspective operation preserves convexity: if f is a convex function, then so is

its perspective function g. Similarly if f is concave , then so is g.
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Chapter

Optimization Algorithms

6.1 Particle Swarm Optimization

6.2 Genetic Algorithm

Non-negative weighted sums

Evidently if f is a convex function and o > 0 then function a/f is convex. If f; and
f2 are both convex functions then so is their sum f; + fo. Combining non-negative
scaling and addition, we see that the set of convex functions is itself a convex cone;

A non-negative weighted sum of convex functions

f=wfit+ - Fwnfn

is convex, similarly a non-negative weighted sum of concave functions is concave.
These properties extend to infinite sums and integrals as well. For example if f(z,y)
is convex in x for each y € A and w(y) > 0 for each y € A, then the function g
defined as

9(x) = [ w)f(e,y)dy

is convex in x if such integral exists.
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Composition with affine mapping

6.3 Ant Colony Optimization

if f:R™ — R, then the perspective of f is the function g : R®™! — R defined by

gla,t) =tf(x/t)

with domain
domg = {(z,t)|x/t € domf,t > 0}

The perspective operation preserves convexity: if f is a convex function, then so is

its perspective function g. Similarly if f is concave , then so is g.
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